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ABSTRACT
Crustal variations in the conductivity and resistivity of the
earth cause great complications in the surface distribution of electric
currents and fields. It is therefore necessary to take these
variations into consideration while interpreting the magnetotelluric
measurements made on an island or near a coast or in a region where
the local geology is complicated. At low frequencies the crust can
be treated as a thin sheet and the crustal conductivity variations can
be incorporated into the thin sheet conductance variation. The theory
of electromagnetic induction in thin sheets was first given by Price
(1949). In this model the layer below the thin sheet is assumed to be
a perfect insulator, which restricts the possible modes of solutions
in the thin sheet. In general, the layer below the thin sheet, though
very resistive compared to the -surface sheet, is not a perfect
insulator. Hence in the first model developed in this thesis, the
perfectly insulating layer is replaced by a layer of finite conductivity.
Thus the thin sheet model consists of a thin conducting sheet of variable
conductivity over a general layered medium. In the earth the resistive
layer below the surface conductive sheet is represented by the lower
crust. The resistivity of the lower crust underneath the ocean is
expected to be different from the resistivity of the lower crust below
the continents. This dLif.e3nce in the lower crust resistivity value
is taken into account in the. second model called the Generalized Thin
Sheet model. In the Generalized Thin Sheet model, the thin sheet is
treated as an anisotropic thin sheet with different (parallel) conductivity
and(berpendicular) va2tions.
Specific examples in which conductivity and resistivity vary only
in one direction were studied, It was found that in a crustal envior-
ment, upon certain pproximan:on it is Possible tc get stiple analytical
solutions for E variations perpendicular to the strike diretion. SI
this case a new distarce paraneter appears which is the adjustment
distance for the surface telluric field to re-equilibrate itself with
respect to the mantle current fields. Tiis distance is given by the
square root of the layer conductivity thickness product times the
layer resistivity thickness product and can amount to hundreds of
kilometers.
Electric fields measured at a point are influenced not only by
the conductivity and the resistivity of the medium at the point of
measurement, but also by the electrical properties of the medium
considerable distance away. .Therefore a new method called the
'method of imbedding' was developed in which fields close to the
point of measurement are computed at close spacings, while fields
farther away are determined at larger spacings. These methods
were applied to modelling magnetotelluric measurements on the
island of Oahu, Hawaii, in order to evaluate the procedures used by
J. C. Larsen to interpret his magnetotelluric data.
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CHAPTER I
INTRODUCTION
Naturally occurring electromagnetic fields induce currents
within the earth which in turn cause changes in these primary fields.
A study of these fields yields information about the conductivity
variations within the earth. Longer period waves penetrate greater
depths and so the conductivity structure of deeper layers can be
learned.
Crustal conductivity variations are essentially controlled by
the free water content of the rock mass (Madden, 1971), while the
conductivity variations within the deep layers of the earth are
associated with temperature variations (Tozer, 1959) and the
physical state of the layer, e. g. the presence of highly conducting
rock melt in amounts of only a few percent can increase the
electrical conductivity of the region by more than an order of
magnitude (Waff, 1974). Such relationships are useful in aiding an
understanding of the earth and the processes that go on within it.
For instance, analysis of motions in the upper mantle require a
knowledge of the temperature distribution at least in the upper
mantle (Elsasser, 1965).
The surface layer (crust) of the earth has an extremely
complicated conductivity structure which complicates the distribution
of induced currents. When the surface layer consiqts of oceans,
the currents induced in the ocean appreciably reduce the fluctuations
in the magnetic field with periods of the order of a day or less, and
hence an allowance has to be made for these currents in all such
cases. If the oceans were a uniform shell covering the entire
earth, this correction could easily be effected, but the presence of
land masses (continents) lying by the side of the oceans makes this
correction difficult, as the currents induced in the oceans are
obstructed by the continents. ~ Kasameyer (1974), in his study of
low frequency magnetotelluric data of New England, found that
electric field variations perpendicular to the strike directions were
strongly enhanced and apparent resistivities were as high as 8000
ohm-rn for 10~4 Hz, and signals with a period of 5 days on one line
indicated an apparent resistivity of 700 ohm-m. He felt that large
E-fields could be produced by crustal conductivity variations which
channelled the electrical currents induced in the ocean, even for
frequencies so low that the skin depth of waves is 100 times the
thickness of the crust. Another problem that requires knowledge
of induced currents in the ocean is the interpretation of anomalies
of magnetic field variations observed on land near oceans and on
islands. Measurements made on shore, along lines at right angles
to the coast, show that the amplitude of the vertical component of
the magnetic field variations depends on the distance from the coast
or, more precisely, on the distance from the continent shelf edge.
Horizontal variations are also affected but to a much smaller extent.
Th:'e are known as coa sal affects.
Schmucker (1964) studied coastal effects in considerable
detail. Rikitake and his group studied coastal effects in Japan in
great detail (Rikitake et al. 1952, 1953, 1958, 1959, 1962). The
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vertical component of the magnetic field tends to be in opposite
senses on opposite sides of an island. This "island effect" has
been studied by Mason (1963), Klein (1972, 1976), Hermance and
Grillot (1970), and others. Detailed calculations that take into
account the real topography of land and ocean are necessary to deter-
mine whether these anomalies are entirely due to currents flowing
in the ocean or are also due to currents in the upper mantle.
Interpretation of measurements on islands requires the topography
to be taken into account, because the oceanic'currents are deflected
by an island.
For low frequency inducing fields when the surface layer
thickness is small compared with the skin depth and the horizontal
wavelength, the surface layer can be treated as a thin sheet. The
theory of electromagnetic induction in thin sheets and shells was
first given by A. T. Price (1949). A detailed account of induction
in thin sheets can also be found in Rikitake's "Electromagnetism
and earth's interior". Price's model consists of an infinitesimally
thin sheet of variable conductivity embedded in a non-conducting
medium. Price's model does not include the effect of mantle
conductivity. Mantle currents tend to suppress the fields induced
in thin sheet. Roden (1964), Larsen (1938) and Bullard and
Parker (1971) accounted for this effect by replacing the highly con-
ductig part of the mantle by a perfectly conducnig body and the
fields due to currents in this perfect conductor were determined
using an image technique. The effect of currents in the mantle is
contained in the self-induction portion of the thin sheet equation.
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It was pointed out by Bullard and Parker (19 7D) that it is not
necessary to make the approximation of a perfectly conducting
mantle and that any conducting body with conductivity a function of
radius alone could be used, In this model the currents induced in
the thin sheet are sealed off from the mantle and, similarly,
currents induced in the mantle are sealed off from the ocean by the
layer of perfect insulator between them. Only horizontal E mode
is therefore possible in the thin sheet. The conductive (thin) sheet
on the surface and the conductive mantle below are therefore
coupled together by only inductive coupling. At very low frequencies,
when self-induction becomes unimportant, the two conductors are
decoupled, i. e. surface measurements are no longer influenced by
mantle currents.
Price's method has been applied in the interpretation of
measurements on islands to predict the electrical conductivity
structure beneath them by several authors (Klein 1972; Sasai 1968;
Honkura 1971, 1973; Honkura et al. 1974). In all these models
mutual induction between the ocean and the mantle was ignored by
assuming the disturbance field to be static. The disturbance fields
in the ocean were estimated using numerical models based on the
conductivity distribution defined by bathymetric maps. Larsen
(1975) presented a new approach in that the disturbance field was
no.t determined by direct modelling. Instead he efined cortain
parameters of disturbance, all except one of which were known.
The unknown quantity was included as a parameter in the iterative
scheme to determine mantle conductivity. A similar technique
was also applied by Klein (1976) in his interpretation of magnetic
field data obtained on Hawaii island. Even in this study
the layer below the thin sheet was assumed to be a perfect insulator
and the mutual induction effect was neglected. However, the
selection of the part of the response spectrum used in the inter-
pretation of deep conductivity by a layered medium was based on
the inequality conditions to be satisfied if the conductivity profile
was to be a function of depth only (Weidelt, 1972).
In general the layer below the surface (thin) sheet, though very
resistive compared to the thin sheet, is not a perfect insulator.
To take this into account, the models used in this thesis replace the
perfectly insulating layer by a layer that can assume any conductiv-
ity value and includes it as part of the thin sheet. The presence of
conductive zones at the surface and resistive zones below makes the
thin sheet anisotropic. Both horizontal E and horizontal B polariza-
tions of the electromagnetic fields are now possible in the thin sheet.
With this change, the surface sheet and the mantle below are coupled
together by resistive coupling and so the electric currents in the
mantle are influenced by surface electric currents, and vice versa,
even at such low frequencies that the disturbance fields can be
assumed static. The resistivity thickness product (p s) of the layer
now plays an impo is found that the distanoe ovcr
which a discontinuity in surface conductivity value affects the
surface electric field and current distribution depends on both the
conductivity thickness product and the resistivity thickness product
of the layer. This effect arises for electric fields polarized
perpendicular to strike. Examples studied show this distance to
be of the order of hundreds of kilometers. In the case of land-
ocean boundaries these effects are even more dramatic. It is
found that variation. in E fields perpendicular to a coastline is
controlled not only by a and ps of the medium at the point of
measurement but also by as and ps values hundreds of kilometers
away. Thus surface electric field and current distribution are
affected by a and p properties of the medium considerable distance
away.
The resistive layer below the thin sheet in the earth is usually
represented by the lower crust. The crustal resistivity variation
under continents has been studied with large-scale resistivity
measurements which estimate the resistivity thickness product
(see Madden 1971, Keller et al. 1966, ZijIl 1969, also Brace 1971,
Madden et al. 1962). But we do not have any information about
resistivity properties in the oceanic lithosphere. Only a few
measurements have been made at sea (Filloux 1967, Cox et al.
1970, Richards 1970). Conductivity structure of the ocean floor
based on these measurements requires that the ocean floor should
have high conductivity at shallow depths. At present we do not
know if these are rwresentative of ocean lithosphere conductivity
values or if they only refer to values at the points of measurement
(Cox 1971). These measurements could not tell anything about the
resistivity of most resistive layers, although they may have been
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influenced by the boundary adjustment effects. Appropriate
magnetotelluric measurements made in the ocean at varying
distances from continental margin should in fact be able to provide
information about the oceanic lithospheric resistivity thickness
product as this product has a profound effect on electric fields
perpendicular to the coastline.
20
1.1 Thesis Organization
In Chapter II the theory of electromagnetic induction in thin
sheets is discussed. First we briefly discuss Price's theory of
electromagnetic induction in thin sheets. Second, the limitations
of Price's theory and the theory of induction in a more realistic
model consisting of a thin conductive sheet over a general layered
medium are given. Finally we discuss the theory of the general-
ized thin sheet in which the thin sheet has both (parallel) conduc-
tivity and (perpendicular) resistivity variations.
Chapter III refers to specific examples in which the surface
conductivity and resistivity variations are restricted to only one
direction. First, model calculations are checked by comparing
them with those obtained using network technique. Next we dis-
cuss the variation of electric fields perpendicular to strike in a
crustal environment. Dependence of coastal magnetotelluric fields
on o and p properties in the ocean is discussed with the help of a
land-ocean-land model. A one-dimensional model of the Hawaiian
rise studied to find the anisotropy in apparent resistivity of the
rise and the dependence of anisotropy on resistivity thickness
product of the rise and the ocean.
In Chapter IV we present a detailed description of a new
method called the 'method of imbedding', of computing model
solutions for one-diensioni prcoblems. In this method fields
close to the point of measurement are determined at close spacings,
while fields farther away are determined at larger spacings.
Computational method is described for thin sheet model and
generalized thin sheet model for quasi-uniform source field and
for source field with variations in the x and y directions.
Imbedding solutions are checked by comparing them with those
obtained using uniform spacing throughout
In Chapter V we first check the two- dimensional computation.
Next the method of imbedding for two-dimensional conductivity
variation in the thin sheet is described. Finally these methods
were applied to modelling magnetotelluric measurements on the
island of Oahu to evaluate Larsen's procedure.
CHAPTER II
THEORY OF ELECTROMAGNETIC INDUCTION
IN THIN SHEETS
In this chapter we briefly review Price's original analysis of
the effect of a thin conducting layer. This analysis assumes the
thin sheet is underlain by a perfect insulator, which assumption
restricts the modes of possible solutions. In the second section we
show how replacing the insulating layer by an arbitrary layered
medium forces us to use vector equations instead of a scalar
equation, but also allows us to include terms that were dropped in
Price's original analysis. When the layered medium below the thin
sheet has a poorly conducting layer on the top we find this layer has
a profound effect on the resulting solutions. Such a layer can be
incorporated into the thin sheet, which allows us to model variations
in this layer as well as variations in the conducting layer above it.
Such a combination is anisotropic. The analysis of an anisotropic
thin sheet we call the generalized thin sheet analysis and this is
developed in the third section.
2. 1 Price's Theory of Electromagnetic Induction
in Non-Uniform Thin She ets
Since we are concerned mainly with the effect of local, as
opposed to global, -- ii 7 . v'riations on the magnetotelluric
fields, and also since the frequencies of field variations considered
are such that the skin depths are only a small fraction of the radius
of the earth (for a typical continental area with a resistive crust
skin depth would be about 700 km for a frequency of 0. 1 cpd), we
can ignore the sphericity of the earth and treat it as a plane-
surfaced infinitely large conductor with a non-uniform distribution
of conductivity. While the skin depths of variations are small
compared with the radius of the earth, they are large compared to
the crustal thickness, which allows the uppermost surface (crust)
of the earth to be treated as a non-uniform thin sheet. The theory
of electromagnetic induction in thin sheets and shells was first
developed by A. T. Price (1949).
Imagine a non-uniform thin sheet distribution of conducting
material in free space. The magnetic permeability (p) is assumed
to be the same everywhere and is set equal to the free space value.
It is also assumed that the rate of time variation of magnetic and
electric fields is so small that displacement currents can be
neglected. ( << 1)
(1)cr = 0
S= cr(x,y)
(2)a = 0
From Maxwell's equations we have:
Vx E = ipwH (2.1.1)
V x H = oE (2.1.2)
In the air layer above the thin sheet we have, from (2.1.2),
x4VX H 0
where 0 satisfies Laplace's Equation.
Since y is everywhere the same,
v-H = 0
i. e. on passing from the air-layer into the conducting material,
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the normal component 1z of H is continuous. If 'd', the thickness
of the thin sheet, is infinitesimal, the normal component 1z will
have the same value at corresponding points on opposite sides of
the sheet. Similarly for an infinitesimally thin sheet, the parallel
components 9 and E of 9 will have the same magnitude and
xy
direction at corresponding points on opposite sides of the sheet.
Defining
d d
s = J dz = o aEs dz = s Es
where
(.d
a = a dz
we get an Ohm's Law for the thin sheet as:
las= ps Is(2.1.3)
where p = [a and E is the surface or horizontal component
s S s
of E.
Applying (2. 1.2) to P small rectangular circuit that has two
sides of length parallel to the sheet with one on each side of the
sheet, we obtain:
H + - H~ = J 6 sin8S S S s s s
where the + and - suffixes indicate values at the positive and
negative faces of the thin sheet and 8 is the angle between s and
Js
Since this relation is true for any direction of s tangential to
the sheet we can write
+ zX
= - x 9 (+ - (2. 1.4)
z s4+
= -ix V 4Z s
where i is a unit vector normal to the sheet, &I and ~ are thez
magnetic potentials on the positive and negative sides of the thin
sheet (positive down), and 4 is a stream line function for currents
flowing in the thin sheet.
From (2.1.1),
curl~ s z
Eliminating s, using (2. 1. 3) and (2. 1. 4), we get
ps s 's $ ss' s z (2. 1. 5)
= ipo(He + H )z z
where He (known) is the noraal component of magnetic field due toz
external sources and H1 iis due to the internal part. s is the
horizontal gradient operator.
Hi can be determined from the stream potential using Biot-z
Savart's law (Larsen 1968) as:
B 4-T d K dx' dy'
where
K =S- dz'
Y
= (x - x')i + (y - y')i + (z - z)i
x y z
Substituting for H from above in (2.1. 5), we get
z
a 4 4e 1 9(xty') I yp~ oVs s+ HiP ' s z{+-i d K dx'dy'
(2.1.6)
From this integro-differential equation $ is determined.
Equation (2. 1. 6) applies to a thin sheet embedded in free space and
therefore cannot be applied to earth, in which mantle conductivity
plays an important role. Currents induced in the mantle tend to
suppress the fields produced by the currents in the ocean. A
simple way this is accounted for is by replacing the highly conduct-
ing part of the mantle with a perfectly conducting body and then
using the image technique to find the fields produced by currents in
the perfect conductor (Roden 1964, Bullard and Parker 1971,
Larsen 1968). Since Bz" must vanish at the interface of the super-
conducting mantle (at a depth H a ) we imagine at P depth 2Ha a thin
layer of electric currents which are the negative image of the thin
sheet (surface) currents. Then, because of symmetry, Bz vanishes
at the interface of the superconducting mantle, and the magnetic
field due to mantle currents can now be expressed as a function of
currents in the surface thin sheet, i. e. in terms of the stream
function 4p. On doing this we get one more surface integral.
That is, in equation (2.1. 6) now we would have two terms in the
integral. The effect of the mantle currents is contained in the
self-induction portion of the equation.
Thus in this model currents induced in the conducting layer
are sealed off from the mantle and, similarly, currents induced in
the mantle are sealed off from the conducting layer by the layer of
perfect insulator between them. Hence there is no resistive
coupling between the two conductors and they are coupled together
by inductive coupling. At very low frequencies, when the disturb-
ance fields behave like static fields, self-induction becomes
unimportant and the two conductors are decoupled.
2.2 Theory of Electromagnetic Induction in Thin
Sheet Overlying a Layered Medium
In general the layer below the surface (thin) sheet, though
very resistive compared to the thin sheet, is not a perfect
insulator. To take this into account, we replace the perfectly
insulating layer below the thin sheet by a general horizontally
layered medium. Therefore both horizontal E and horizontal B
polarizations of the electromagnetic fields are now possible in the
thin sheet. With this change the surface sheet and the mantle
below are coupled together by resistive coupling and so the electric
currents in the mantle are influenced by surface electric currents,
and vice versa, even at such low frequencies that the disturbance
fields can be assumed static.
Consider a thin conducting sheet with conductivity variations
both in x and y directions. Beneath this sheet lies a medium with
conductivity varying only in the z direction. This model is shown
in Fig. 2.2-1. A varying magnetic field outside would induce
electric current in the thin sheet and in the medium below. As
before, if the magnetic field variations are sufficiently slow, dis-
placement current can be neglected.
At the top of the laycred medium we can find an impedance
[ZzI (refer to Appendix 1) such that we have the relationship
between electric fields (E2) and rnagnetic fields )7belo th thi
sheet as
E+ =Zz]H+ 2.2.1)s s
0 E , E , H , H
0+ E , E H+, H+
x y' x y
z d
Iz= d 2
z = d 3
Fig. 2.2-1
s (X
"2
o
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Within the thin sheet we have from Maxwell's equations
(neglecting displacement currents):
9 x l= JpI1 (2.2.2a)
V x H = rE (2.2.2b)
From (2.2.2a) we get
- - = S (s s z z x H s
In the thin sheet model we assume that the tangential electric
field at the top of" the thin sheet ( ~) is the same as the electric5
field at the bottom (9 . This assumption is valid if
AE E s (AZ) << E
s bz 1 s
Assuming a to be constant we can find Es from (2.2.2a) and
(2.2.2b) as
k + k - igW z
E = Ae
1
Therefore AE << E if the thickness of the thin sheet (AZ) <-
x
and , and (AZ) 1 << skin depth in the medium of which the thin
y
sheet is composed.
With these assumptions we can set AEs = 0 across the thin
she st, i.e.
E =E = E
S s S
From (2.2.2) we get
-4
?)H v
s _v x E)-)- x al (2.2.3)Oz s S z z s
V x is vertical component of curl operator.
S
With the thin sheet assumption (2.2. 3) can be written as:
+ ~(AZ)l
5 - = -, -V ((V x E ) -i ) - xa9
s s ipW s s s z z ss
(2.2.4)
where H and H+ are the magnetic fields at the top and bottom of
the thin sheet, respectively, and
(X~y) = (AZ)1Us (x, Y) = O~ a(x, y) dz
0
Equation (2.2. 4) is essentially the same as equation (2. 1. 4)
in Price's theory. The important difference between the two is
that in the present model H+ cannot be derived from a scalar
potential. However, with proper choice 6f conductivity for the
layer below the thin sheet we can use this model to simulate Price's
model (refer to section 2. 3). If we set
[Y+1 [Z]-
we have from (2.2.1)
H + Y] E (2.2.5)S s
Now, in the medium above the thin sheet, LL is in -he a1r
layer, only for waves with k = ksource, do we have both incoming
and outgoing waves. All other wavelengths are due to the currents
in the thin sheet and the underlying half space, and are therefore
only outgoing waves.
Therefore, in the air layer
waves characterized by k # source.
H =- x From V x H =
z ipo7 s
wherek =-i k 2 +k'.
zo x y
H~ can be expressed
4
s Ok Vs s z
can be replaced by ik for
From V x E= iWH we get
0 (assuming a ie = 0):
in terms of Es as:
= [Y ~]E S
= H S
for all outgoing waves
for the source wavelength
or simply
H~ = [Y ~]E~ + H0
s S S
(2.2.6)
where Y is Y with the k = 0 wavelength excluded.
Substituting for H~ and H+ from (2. 2. 5) and (2. 2. 6) intoS S
(2. 2. 4) we get
[Y+ _y ](E)s mn mn s mn
(AZ)xi A
-( x 5+ Xgo s s s z z ss
(2.2.7)
where i is x + 1 and 1 0 is the total tangential field at the source
s x y s
wavelength, Js = c * E,. * stands for convolution, m, n refer to
harmonic numbers in the x and y directions, respectively. (2. 2. 7)
constitutes a system of 2(m x n + 1) equations with 2(m x n + 1)
unknown. Solving these equations in the (k , k ) domain involves
H~S5
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convolutions of ' and E and E , while solving in the (x, y) domain
involves convolutions of Y , Y , etc. and E and E , both of
which result in almost full coefficient matrix. In this case we
have twice as many unknowns and twice as many equations as in
Price's model (with or without mantle effect).
2.3 Theory of Electromagnetic Induction in a Generalized
Thin Sheet Overlying a Layered Medium
In the thin sheet model the layer below the thin sheet is
assumed to have a constant conductivity (or resistivity) value.
While studying coastal or island effects, part of the sheet would
represent land and part ocean. Resistivity below the thin sheet is
therefore expected to be different under different parts of the thin
sheet. The model in this section takes this difference beneath the
thin sheet into account by incorporating into the thin sheet both
conductivity and resistivity variations. This is done by treating
the thin sheet as anisotropic with parallel conductivity different from
perpendicular conductivity. AE across this anisotropic thin sheet
would be very different from that across an isotropic thin sheet.
Assume a (parallel conductivity) and p (perpendicular
resistivity) are constants. From Maxwells equations we can derive
2 2E apk + k - ipoa pakk - k k E
E pak k - k k k + ap k 2- ipoAW E
-Y~ x y x y x y %_y
Variation of E in the z-direction in the isotropic case depends on kx,
ky and skin depth, while in the anisotropic case it is controlled by
k/ j(or k /~), k (or k ) and skin depth. If /rp > 1, E changesxy y
n e z-direction more rapidly than in the isotropic case. If
/5~p < 1, E changes in the z-direction Less rapidly than in the iso-
tropic case. If the anisotropy is due to layering with each layer
being isotropic, op 1.
In the case of earth the surface layer (upper crust) is much
more conductive than the lower crust, i. e. all is much higher than
1-. Usually allp. is of the order of 100, Therefore AE cannot be
set equal to zero in this case. In our model the anisotropic thin
sheet is assumed to be actually made up of two thin isotropic sheets,
one conductive and one resistive, the conductive thin sheet lying on
top of the resistive thin sheet. This assumption is made because
it represents the usual situation, but one could equally well handle
models with a more general anisotropy. Including the resistive
zone into the thin layer allows us to vary both conductivity and
resistivity in the crust. The double thin sheet model called the
Generalized Thin Sheet Model is shown in Fig. 2.3-1.
Since we consider the good conductor to lie on top of the poor
conductor, most of the currents would flow in the top conductive
DH
zone and therefore most of - would occur across the top zone.
Because of the high conductivity, E in the top zone would be very
small. If, in addition, we have (AZ)I << or and (AZ) &
x y
skin depth in the medium of which the conductive zone is composed,
we can set ~ 0 across the top zone. The lower zone is resistive;Oz
therefore the tangential current density in the lower resistive zone
would be very small. This, together with (AZ) << 1 or 1 and
x y(AZ)2 << skin depth c it that makes up the resitive zone
would make - ' 0 across 7he lower zone.
Because of the poor conductivity of the lower zone E becomes
-0 E , E H , H
asx 0 + X Y' X' Y
x y x y
PS (X, y)
0 + E E + H + H
x yo x y
o1
z d1
r2
z= d2
a3
Fig. 2.3-1
important there and contributes to -- which occurs mainly across
the lower resistive zone. As long as the linear dimensions of the
generalized thin sheet are large, even quite thick zones can be
treated as thin resistive sheet if the frequencies are low enough to
make the skin depth large compared to the thickness.
Generalized Thin Sheet Solution
Within the generalized thin sheet we have from Maxwell's
Equations (neglecting displacement currents):
V x E ipW H (2.3.1)
v x H = cE (2.3.2)
From (2. 3. 1) and (2. 3. 2) we get:
= x(p((vs  s z z xH (2.3.3)
OZ s z Z
OH V4 ( s z z s (2.3.4)OZ Y s.s z 1z
Assuming AE = 0 across the top conductive thin sheet and
AH s= 0 across the lower resistive thin sheet (with thin sheet
approximations) (2. 3. 3) and (2. 3. 4) can be written
- = s s z 2 z s
(2.3.5)
+- (AZ)j
= ~~~ ((v xEV ~ -i uS s s s z z -s
(2.3.6)
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using the notations
as (x, y) a (x, y) dz
(x, Y) = 2 p(x, y) dz
+0
Substituting for H+ from (2. 3. 6) in (2. 3. 5) we get:
E~ = (Zz * + iW (AZ)2 R) Ho
so s 2 s z
z I
+ (Z * y *+ i/W(A Z)2 Y R
z
+ 0 xE,) i
(2. 3. 7)
+ (AZ) (AZ) 2 (x( x Es 1z
- (Zz * R - ipw(AZ) 2 sE
+ Vs IP (ss Es)
where R is an operator such that
RA =-A
x v
RA = A
y x
V is the scalar gradi-:e operator, and use is made of the relation-s
ships
E =+
S S
and
H = H0 + [Y] *ES s S
and
OH Y OHDH 0
Ox Dy
because the vertical air-earth current density is negligible.
* stands for convolution.
As in section 2.2, the H field at the source wavelength is used
as a source term, while all other H fields are. replaced by E and E .
x y
With these substitutions (2. 3. 7) forms a completely deterministic
set of equations with the electric fields E and E at each point of
x y
the grid surface of the thin sheet as unknowns.
In the case of one-dimensional conductivity and resistivity
variation in the thin sheet (with quasi-uniform H incidence field) for
E perpendicular to the strike direction, second, third and fourth
terms on the right-hand side of equation (2. 3. 7) representing the
secondary H contributions will drop out (as H in this case is uniform
and equal to twice the incident amplitude). Equation (2. 3. 7) can
therefore be written as (y represents the strike direction):
Da sE x 0
-(- sx) = E +Z*- E-Z* H
x Ms Ox x s x y
where
z
Z = Z - ip4W(AZ) 2xy2
If ps is high, which is true for crustal environment, the
solution to the above equation can be given as (assuming os and ps
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constant): + X
J, = Ae s s + S
where A is a constant and S represents the layered medium solution.
Vsas therefore represents a horizontal distance (called here
s S
'adjustment distance') at which about two-thirds of any excess
tangential current leaks into the medium below the thin sheet or it is
the distance required for the tangential currents from underneath to
rise to the top. The more resistive the layer below the thin sheet,
the greater the adjustment distance. In Price's model the layer
below the thin sheet has a conductivity of zero or an infinite
resistivity, and therefore the adjustment distance is infinity, which
prevents the currents in the thin sheet from leaking into the medium
below and vice versa. Typical values for crs and ps show this
distance to be of the order of hundreds of kilometers, and since this
distance is smaller than the dimensions of large features on the
earth, resistive coupling between the mantle and the surface is
important. On the other hand, this distance is large enough that in
most situations we would not expect the surface current levels to be
in equilibrium with the local conductivity structure.
CHAPTER III
ONE-DIMENSIONAL SURFACE VARIATIONS
In this chapter we discuss cases in which conductivity and
resistivity in the surface sheet vary only in one direction. One-
dimensional solutions are often misleading because the uniformity
along the strike direction should extend further than the adjustment
distance. On continents the lower crust is often very resistive and
in the oceans the surface conductivity is very high, both of which
result in the adjustment distance being of the order of hundreds of
kilometers. Nevertheless one-dimensional models are useful in
illustrating certain aspects of thin layer effects.
We first investigate the accuracy of thin sheet model calcula-
tions by comparing the solutions obtained using the thin sheet model
with those obtained using network analysis. The latter are two-
dimensional calculations, while the thin sheet calculations of the
same model are only one-dimensional but are restricted to low
frequencies when the crust can be treated as a thin sheet. General-
ized thin sheet calculations are checked by comparing the generalized
thin sheet solution with the thin sheet solution when p (resistivityS
thickness product) is constant. Next we examine the effect of
variable crustal resistivities on magnetotelluric fields. We shall
see that these fields rather than'being blind to high resistivity zone
resistivity value are greatly affected by them. Finally we study the
magnetotelluric fields induced in a one-dimensional model of the
Hawaiian rise. These solutions will illustrate some of the thin
layer effects of an actual geologic feature.
3. 1 Comparison of Thin Sheet Model Solution
with Network Solution
Thin sheet model solutions were compared with those obtained
using network analysis (Kasameyer, 1974) for both E perpendicular
to the strike and E parallel to the strike modes. These comparisons
are shown in Figs. 3. 1-1 and 3. 1-2. Agreement between the two
solutions is quite satisfactory.
Ifp is constant, the generalized thin sheet solution should be
the same as the thin sheet solution when the resistive layer of the
generalized thin sheet is made the top layer of the media underlaying
a thin sheet. From Figs. 3. 1-3 and 3. 1-4 we see that the two
solutions match perfectly.
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3.2 Electric Field Variations Perpendicular to the Strike
Direction in a Crustal Environment
When the conductivity and the resistivity in the surface layer
are constant in one direction over a distance large compared with the
skin depth and adjustment distance in the medium, the surface
variations of conductivity and resistivity can be represented by a one-
dimensional model of the thin sheet. For such a model with quasi-
uniform incidence field, the Maxwell equations decouple into two sets
of equations, one for E perpendicular to the strike mode and the other
for E parallel to the strike as follows:
E perpendicular to the strike
6EHb
x - G
+ ipwHy
E parallel to the strike
E+ aEbz iAW bX y
y 
- is wH
Therefore the Thin Sheet Model and Generalized Thin Sheet
Model Equations are:
E perpendicular to the strike
- H = -r E Thin Sheety y sx 321
+ Model 
(3.2.1)
x x
He+ - H~
y y
S+
E + + ipW(A Z) H+
x (Ps bx 2 y
Generalized
Thin Sheet
Model
(3. 2. 2)
E parallel
H+
x
to the strike
b2E
H + - + E~
x ipo 2 s y
E+
y
E
y
(3.2.3)
b2E-
= H + .
x isow 6 + crES y
= E + iA w(AZ) H+
y 2 x
Generalized
Thin Sheet
Model
(3.2.4)
Admittance above the thin sheet for the E perpendicular mode
is zero because of the assumptions of quasi-uniform incidence field
and absence of variation in a and p along the y direction. For the
same reasons AE in the E parallel mode does not depend on p and
depends only on the thickness of the (generalized) thin sheet.
Equation (3. 2. 2) can be written as:
2
b 2 osEx
- E + Z' o E + Z' H (3.2.5)
where p is assumed constant and
Z' = Z 
- (AZ)
xy 2
* stands for convolution. The operator Z is shown in 3. 2-0.
E+
x
Thin
Sheet
Model
H+
x
E+
y
When the conductivity contrasts in the thin sheet are high and ps is
small the Z operator becomes very important. In a crustal
environment, however, ps is usually high. Under these conditions
we can drop the Z'a E term in the above equation as a first approxi-
mation. We can, therefore, rewrite (3. 2. 5) as
62E
p X = E + Z 0
s s T2 x y
for a homogeneous quarter space. This differential equation would
have a solution of the form
x
0 -
E =Ae + S
x
where S is the layered medium solution. The amplitude A can be
determined from the boundary conditions at the discontinuity.
v p- , which has the dimension of distanc'e, was defined as theS S
adjustment distance (Chapter II), the horizontal distance at which
(1 - l/e) of the excess surface current leaks into the mantle. Far
away from the discontinuity (x -+ co) the solution is the same as the
Cagniard solution for the medium.
Let us consider two homogeneous qu2rter spaces (in a crustal
environment) with a vertical contact at x = 0, y represents the strike
direction. Al, S1, a, p are, respectively, the amplitude of the
disturbed E field, undisturbed E field, conductf -Vy thicPne
product and resistivity tfickress product for side 1. A2 , 2' a 2 , P2
are the same quantities for side 2. From the continuity of H and
E ay
E at x =0 we can derive, using the relationships
z
50
H = H - oE
y y s x
E =
S c
A(3.2.6a)
-1
1 -
A = -A2  22(3.2.6b)1 2 a p1
From these we see that the amplitudes of the disturbed E
x
fields depend on the a and p properties on both sides of the
discontinuity and that A 1 and A2 ha-ve opposite signs. Let us suppose
a2 > a1 , then A 2 is negative and A 1 is positive (S and S2 will not be
too different because the conductivity contrast is assumed to be .
modest and frequency is low). As ( 2 increases or p, decreases (for
the same a1 and p1 ), the magnitude of A2 increases. But the
magnitude of A behaves slightly differently. It ':-a a 2 and
p2 increase. If a 2 f -' 1 p1 , the two amplitudes A and A2 will be
equal but of opposite sign. Also the adjustment distance in both
cases would be the same.
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Typical values of as and ps in a crustal environment suggest
the adjustment distance to be of the order of hundreds of
kilometers. We now study a few examples of continental conduc-
tivity and resistivity variations to show the effect of ps variation on
the distribution of surface fields and also to see the agreement.
between the solution calculated according to the simple formula and
the actual solution. These results are summarized in Figs. 3. 2-1
to 3.2-6. The same layered medium model was used for all the
cases and it is shown in Fig. 3. 2-1. From these figures we see
that the agreement between the two solutions is very good.
o -ad Z-X 1-
10- 2
-3
6 
~10-
-10- 2
-10-
Fig. 3. 2-0 Spa-tial Z xyoperator for layered medium showri i Fig-. 3. 2-1.
varied > 10-3- 10- 5 mho/m
= 0.0125mho/m
a = 0. 035 mho/m
30 km (Resistive ThinSheet)
-40 km
100 km
or = 0.100 mho/m
Fig. 3. 2-1 Model of layered medium below the thin sheet.
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3. 3 Land-Ocean-Land Model Solutions
The Land-Ocean-Land model of the thin sheet is shown in
Fig. 3. 3-1. Here we study this model in great detail to show the
dependence of local magnetotelluric measurements on a and p
properties considerable distances away. .
The thin sheet was assumed to have a thickness of 4. 2 km.
The land portion of the thin sheet was given a conductivity of
0. 95 x 10-3 mho/m. The ocean depth was 4 km, the conductivity
of sea water was assumed to be 3. 3 mho/m, and ocean sediment
thickness was 200 m and a conductivity of 1 mho/m. The source
field was uniform I (H y being parallel to the strike direction).
The resistivity of the layer below the thin sheet varied from 102 to
106 the layered medium is shown in Fig. 3. 3-2). Surface
variations of the fields for these five models of the layered medium
below the thin sheet are plotted in Figs. 3. 3-3 to 3. 3-5. In this
case the Z'o E term cannot be neglected and field variations would
not have the simple dependence on V/ alone.S S
Far away from the discontinuity, the fields should be constant
and equal to the Cagniard solution. Close to the discontinuity, the
E field on the land side would be above the Cagniard field value,
while on the conductive side the E field would be below the Cagniard
field value. Cagniard solutions for ocean (A) and land (B) are also
marked on the figur,. Frea Fig. 3. 3. 3 it can be sen That as the
resistivity of the layer (or more correctly p,) below the thin sheet
increases, the adjustment distances in land and ocean increase.
Secondly, the adjustment distance in land is now much greater than
the 4srs value for the land. (For example, when p = 105' s5 P
45 km, but the E field remains above the one-third peak disturbance
value for more than 200 km.) In other words, adjustment distance
and field levels on land are controlled not only by the o and p
properties of the land at the point of measurement, but also by the
a- and p properties in the ocean. Figures 3. 3-6 to 3. 3-8 show the
same results for a much lower period (T = 10 5) of the field, thereby
showing that near surface conductivity variations affect electric
field and current distribution on the surface even at low frequencies.
A comparison of figures 3. 3-3 and 3. 3-6 shows that for the same
pS the distance over which the E value is different from the
Cagniard solution is greater for T = 105 secs on the ocean side and
is about the same on the continent side.
Measurements of the magnetotelluric fields on the surface of
the thin sheet are thus greatly influenced by ps below the thin sheet.
In the thin sheet model p below the ocean and the land are assumed
to have the same value. Resistivities below ocean and land are
expected to be different. In the generalized thin sheet model we
take this difference in ps below ocean and land into account by
treating the thin sheet to be anisotropic with different parallel and
perpendicular conductivities. Actually the generalized thin sheet is
assumed to be made of two thin sheets, the top one being conductive
and the bottom one -itive, The E field is assumed to rean2n
constant across the top conductive thin sheet and the H field is
assumed to remain constant across the lower resistive thin sheet.
The lower resistive thin sheet represents the lower crust.
Generalized thin sheet solutions are given in Figs. 3. 3-9 to 3. 3.11.
As expected, varying ps(x) below the thin sheet gives very different
results compared to uniform ps(x). For example, comparing
Fig. 3. 3-9 (where ps below the land is 2 x 104 x 105 and ps below
the ocean is 2 x 104 x 104) with Figs. 3. 3-3d (p5 = constant = 2 x 104
5
x 10 ), we find that in the former the distance over which the E value
is different from the Cagniard solution is smaller and the increase in
the amplitude of E at the discontinuity is much smaller. On the
ocean side the E field dips much lower in Fig. 3. 3-9 than in
4 4
Fig. 3. 3-3c (where ps = constant = 2 x 10 x 10). The distance in
the ocean over which the solution is different from the Cagniard
solution for ocean is much greater now than when ps below the thin
8
sheet had a constant value of 2 x 108. This again goes to prove the
importance of considering o and p properties of the surrounding
region while interpreting magnetotelluric data.
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3.4 One-Dimensional Modelling of an Island Chain
A long island-ridge like the one in the Pacific Ocean of which
the Hawaiian chain is a part can be approximated by a one-
dimensional thin sheet or a one-dimensional generalized thin sheet
model. The thin sheet conductance model of the mid-oceanic rise
is shown in Fig. 3. 4-1. The ocean was assumed to have an average
depth of 2900 fathoms (5458 m) and the conductivity of the oceanic
water was taken as 3. 32 mho/m. The ocean sediment thickness
was taken as 200 m and the conductivity of the ocean sediment was
set at 1 mho/m. The deep ocean and its sediments therefore have
a conductance of 17, 810 mhos. Average depth of the rise was
1000 fathoms (1882 m) which gives a conductivity thickness product
of 6100 mhos for the rise. Other values in the conductance profile
reflect the average bathymetry across the rise. The source field
was aasumed to be quasi-uniform. Hence we would get two sets of
solutions, one for E parallel to the strike and one for E perpen-
dicular to the strike.
The model of the layered medium below the thin sheet is
similar to that given by Larsen (1975) for the Hawaiian islands, the
difference being that in our model the top layer (20 km thick) has a
much lower conductivity value. Solutions were obtained for
different values of conductivity for the top layer. These results are
summarized in Fig .-- 4 *, 1-6 for the E pe-rpendicular mode.
It can be seen that the amplitude of the E field on the rise is about
two to three times higher than that for the ocean.
In Figs. 3. 4-7 to 3. 4-9 are shown the results of E parallel to
73
7the strike. p in this case was given a constant value of 2 x 10
Apparent resistivity across the rise in this case is different from
that for E perpendicular to the strike. The anisotropy is shown
clearly in Table 3. 4-1 where piand pii are tabulated side by side for
each case.
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Fig. 3. 4-2 Model of Layered Medium below the thin sheet for
Hawaiian Rise.
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Fig. 3, 4-3 Amplitude of E (perpendicular to the strike) for different values
of ps below the thin sheet: (a) p =.2 x 10 ,(b) ps =2 x 108
(c Ps = 2 x 10. Thin sheet conductance is shown in Fig. 3. 4-1
and layered medium model is given in Fig. 3.&4-2.
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Thin sheet conductance is shown in Fig. 3. 4-1 and
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Table 3.4-1
Apparent Apparent
Resistivity Resistivity pI PS SJE 12 JE 12
Position pi- ~ E~ below below
M IH / I 1H I land ocean
(ohm-m) (ohm-m)
a 30.8 7.4 7 7
b 30.4 7.5 2x10 2x10
C 30.8 7.4
a 37.5 7.4 8 8
b 37.5 7.5 2x10 2x10
c 37.5 7.4.
a 38.9 7.4 9 9
b 38.9 7.5 2x 10 2x10
c 38.9 7.4
a 30.0 7.4 8 7
b 30.0 7.5 . 2x10 2x10
c 30.0 7.4
a 34.9 7.4 9  8
b 34.9 7.5 2x10 2x10
c 34.9 4
a 37.0 7.4 7 8
b 36.5 7.5 2x10 2x10
c 37.0 7.4
Parallel and perpendicular apparent resistivities across the
Hawaiian rise (positions a, b, c) for different ps variations.
Positions a, b, c are marked on the conductance profile in
Fig. 3. 4-1. They are characterized by a conductance value
of 6100 mhos. The layered medium model below the thin
sheet is shown in Fig. 3.4-2.
CHAPTER IV
METHOD OF IMBEDDING
The model solution is determined by solving the simultaneous
equations given by (2. 2. 7) or (2. 3. 7). For two-dimensional vari-
ation of conductivity and/or resistivity, we have, at each grid
point on the surface, two unknowns, namely E and E . A small
number of 9 by 9 grid points on the surface therefore results in a
system of 162 simultaneous equations in complex variables (E andx
E are functions of temporal frequency and spatial coordinates).
y
Because of the convolutions in equations (2. 2. 7) and (2. 3. 7), the
coefficient matrix of the simultaneous equations would be a full (or
almost full) matrix, The computing cost for even the small 9 x 9
grid is therefore not modest. To get a detailed distribution of the
induced fields, certainly a much larger number of grid points would
have to be considered.
The fields measured at a.point are affected not only by the
properties of the medium immediately surrounding it but also by a
and p properties considerable distances away (refer to Chapter III).
While the solution is influenced by small scale variations of the
medium immediately surrounding it, it is mainly sensitive to large
scale variations or average properties at distances farther away from
the point of measurement. Based on this physical behaviour of
fields a new method called the method of imbedding is developed to
compute the solution which enormously reduces the storage require-
ments and the number of computations involved and therefore the
computational cost.
"This method involves an approximate model, rather than an
approximate solution of the true model" (Madden, 1976). The
model is shown in Fig. 4.0 and is similar to the model used in
embedded network analysis by Madden (1976). The entire region of
interest (surrounding the point of measurement) is divided into an
odd number of zones. Each zone has the average properties of the
region it represents. The zone that contains the measurement
point and its adjacent zones are further subdivided. The adjacent
zones act as buffer zones to absorb the differences created by
approximation and improve the accuracy in the middle. These sub-
divided zones can now show smaller scale fluctuations. This
process is continued until that stage at which the subdivided zones
represent the true variations in the properties of the fnedium.
In order to calculate the average properties of the medium,
we start at the lowest level and work upwards. Starting at the
lowest level, where the true variations in the properties are repre-
sented, average properties of the zones for the next level are com-
puted and the process is continued until the average properties of
all the zones at the highest level are compted. After the average
properties of all the zones at all levels are calculated, the fields
are computed from the highest to the lowest level. Using the
average properties, calculatCd at Oah o Lie zones
in the highest level. We are inerested in determining the fields
at much closer spacing than repiesented by the highest level zones.
We therefore re-determine the field values at closer .spacings for
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the middle zones using the average properties of the medium at
that level (calculated earlier) and assuming the fields in the outer
zones to be the averages for the zones they subdivide into at the
next level. The field values in the inner zones are recalculated
again until the lowest level at which they represent the true
variations in the properties of the medium is reached.
LEVEL III
LEVEL I
THTITTTVFF
LEVEL II
Fig. 4.0
4. 1 Application to One-Dimensional Thin Sheet
The accuracy of the method can be tested fairly easily and
elaborately in the case of conductivity varying only in one direction
in the surface sheet, as 'true model' solutions, using a uniform
spacing throughout equal to the spacing in the lowest level of the
'imbedding' method, can be computed with relative ease in this
case. The method is tested for two types of source field varia-
tions: (1) quasi-uniform source fields; (2) a source field varying
in both the x and y directions. The reason for using the second
type of source field will be made clear a little later.
Consider a two-level zoning with conductivities as shown in
Fig. 4. 1-1 (step 1). We are interested in finding the fields at the
point having conductivity a5. The measurement point (having con-
ductivity 05) is placed in the middle of the zone that represents the
true variations in the properties of the medium. There are two
spacing distances corresponding to the two Levels, di, the spacing
for the lower level, is one-third the spacing for the higher level d2 '
At the second level, the inner region can be replaced by three
equivalent zones of length d2. Therefore each of the three zones
in level 1 has to be replaced by a single zone of level 2. This
equivalent zone in the second level will be a tensor - in this case a
diagonal tensor with different parallel conductivity (a ) and perpen-yy
dicular conductivi
xx
Therefore the first step is to calculate the average properties
(a a ) for each of the three equivalent zones. These are deter-
xx yy
mined by solving equations (2.2. 7) for each of these and calculating
a= I 3 3 E j ando = 3 E , from which we
xx =1 1 i1 X 7 i=1 71i= 1 71
get
* 0
xx
0 Y
Because there is some resistive coupling with the mantle, these
averages are slightly different from a series and parallel average.
After these are determined we have all the information to compute
fields in the entire region shown in step 2. Solving equations
(2.2.7) (with J = J E and J = o E ), the fields in all the zones
x xx x y yy y
at the second level can be computed.
Having determined the fields in level 2, we replace the three
equivalent zones in the middle by the inner region representing the
true properties of the medium (with spacing d1 ). At the spacing
each of the outer zones can be divided into three zones (d2 = 3d )
Now the fields in the inner zone are recalculated, assuming the
entire region of interest to be subdivided with spacing di, with the
zones outside the inner region having average E values determined
in step 2 (step 4). While computing the solution in the inner
region, part of the convolution (Y * E) involving E in the outer
region is known and so moved to the right-hand. side of the simul-
taneous equations. The final result therefore appears as in stop 5:
fields being determined at close spacings around the point of
measurement, fields farther away being determined at larger
spacings.
The thin sheet model used in testing is shown in Fig. 4.1-2
for both methods of computation. The two solutions are compared
for four different models of the layered medium below the thin
sheet. These results are summarized in Figs. 4. 1-3 to 4. 1-10
and Tables 4. 1-1 and 4.1-2. As can be_ seen from these figures
and tables, the agreement between the two results is almost
perfect.
Such elaborate testing is not possible for two-dimensional
variation in the conductivity of the thin sheet as it is very difficult
or almost impossible to calculate true model solutions using a
uniform spacing equal to that of the lowest level in the imbedding
method. When the source field varies in both the x and y direc-
tions, even for one-dimensional conductivity variation in the thin
sheet, we would get coupled equations (i. e. H incidence field
excites both E and E and, similarly, H incidence excites both
y y
E and E ) just as in two-dimensional conductivity variation in the
xy
thin sheet. Therefore it would be instructive to compare the
solutions obtained with the two methods for a source field varying
in both the x and y directions.
Imbedding for this case would be only slightly different from
that for the previous case. First of all, source field variation in
the y direction enters calculations only indirectly through the
operators FY+ an -1a a ne need not calculate the solutions
for different y positions directly, as the nedium is uniform along
the y direction and y dependence of the solution can be expressed
ik y
as e y However, while finding the average properties of the
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medium, uniform source fields are employed, i. e. a and a arexx yy
determined using decoupled equations. Source field is specified
at spacings equal to the spacing at the lowest level (d 1 ). Source
fields at higher levels are computed from these by averaging over
appropriate distances. In our example the source field at the first
point (represented by the strip of conductivity o9) would be the
average of the first nine points, at the second point, the average of
the next nine points, and so on. The source field for the second
level would be the middle nine points (at spacings d1 ). Solutions
were also obtained using uniform spacing throughout. These
results are summarized in Figs. 4. 1-11 to 4.1-22 and Tables
4.1-3 to 4. 1-6. As can be seen, the two results are in reasonably
good agreement, especially at the point of measurement. The
only appreciable errors occur at the transition between zones of
different scale lengths, which is in the buffer region and not
expected to be accurate.
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Refer to Fig. 4. 1-2 for thin sheeT conductance used in this study.
Phases of the two solutions are given in Fig. 4. 1-10.
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(H) SOURCE FIE LD: 0. 5 e
0 Using uniform spacing.
X Using imbedding
10-3
a = 0.28
T = 10 sec
2 4 6 8 10 12 14 16 18 20 22 24 26 x 37 km
DISTANCE
Refer to Fig. 4.1-2 for diin sheet model. Phases for the two cases
are plotted in Fig. 4.1-16.
Fig. 4.1-15
5 5 10 5
x 10 ) + (y - 6.2 x 10 )J
Layered Medium
or = 10 20km
a = 10~1
x
10- 5
10-61
106
Q Using uniform spacing.
180
160
120
80
DISTANCE
x 37 km
Refer to Fig. 4. 1-15
for details.
Fige 4 1 -16
X Using imbedding.
0
40
0
-40
-80
-120
-160
18L,
(H) SOURCE FIELD:
{(x - 6.2 x 105) + (y - 6.2 x 10 5)]
106
0. 5 e
Layered Medium
0 Using uniform spacing.
X Using imbedding
107
a=10 20 km
* = 10-1 40 km
o = 0.28
T = 104 sec
2 4 6 8 10 12 14 16 18 20 22 24 26 x.37 km
DISTANCE
Reier to Fig. 4 1 -2 for thin sheet model. Phases for the two
cases are plotted in Fig. 4. 1-18.
Fig. 4.1-17
10-3r
10 
'1
108
0 Using uniform spacing.
180
160
120
80
DISTANCE
2 4 6 8 10 12 14 8 20 22 24 26 x 37 km
Refer to Fig. 4. 1-17
for details.
1ig. 4.1-18
X Using imbedding.
A2)
40
0
-40
-801
-120.
-1 61
10-3
K 27ri 1 ((x -6. 2
10(H) SOURCE FIELD: 0. 5 e
0 Using uniform spacing.
X Using imbedding. 20 km
40 km
a = 0.28
T = 104 sec
A I A 1 0 a I - IjL JJ . L I I I I I I I .- I I f- t a I
2 4 6 8 10.12 14 16 18 20 22 24 26 x37km
DISTANCE a
Refer to Fig, A !.-2 for thin sheCt conductance used in these
calculations. Phases of the two solutions are given in Fig. 4. 1-20.
5 5 109
x10 )+(y-6.2x10 )
Layered Medium
10~
S
rz~
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Fig. 4. 1- 19
180
160
120
80
AA
110
0 Using uniform spacing
X Using imbedding
DISTANCE +
Pg 0
2 6 8 10 12 14
0
P" -40
-80-
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Refer to Fig. 4.1-19 for details.
-16C-
-18,
16 18 20 22 24 26 x37km
Fig, 4.1-20
SOURCE FIELD:
217i5
10 6
5 5((x - 6.2 x 10 )+ (y - 6.2 x 10))1
Layered Medium
O Using uniform spacing.
X Using imbedding. 20km
40 km
C7 = 0.28
4T = 10 sec
-. J - -J- i -- 1 ' d *t- 4 -I I L a
2 4 6 8 10 12 14 16 18 20 22 24 26
Refer to Fig. 4.1-2 for thin sheet conductance used her,. Phases
of the two solutions are given in Fig. 4.1-22.
Fig. 4. 1-21
1-4
10
10- 6
112
0 Using uniform spacing.
X Using imbedding.
DISTANCE -+
x 37 km
Refer to Fig. 4. 1-21 for details.
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Fig. 4. 1-22
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TABLE 4.1-1
--Phase of Amplitude of Phase o
Distance E,, (V/m) E (deg) H (At/i) H x (deg)Iy.
J, Using Using Using Using
3-T d- Uniform IF d- Tfom ImBed- Unifom Imbed- Unif
ding a ing Spacing ding Spacin din SpacingI mbed U ni or I mbed if r I m ed 
U n for
-4 x 10~
.T70 .4709 153.2 153. 1.092 1.04 -0.2 -2
.57 .5030 147.8 147.5 1.007 1005 .30.4
_. . 337 .5355 147.7 14. 1. 151 1 1 -47 -6.7
10 .565 758 17 TT.T 132.6 .8485 .8486 0 4.7
1 M.85949 . 60744 18. 127. 6 .W834 .40 4 4.4
~ ~ 7 2 j~ 7 - .6 1 4 . 6 2 5 4 12 5 . 6 1 2 5. .8 3 4 . 4 . 4 .F
0117 6:), I± If .J
. 6370 12~4.0 123~:. 7
14 .6328 . 419 123.5 123.3 .8303 .8359 4.1 8
15 .6313 .6406 123.9 123. 6 .8307 .8363 4.1
16 .626 .6329 125.3 124.9 .8427 .8473 3.1 2.9
17 .6070 .6192 1272 126.5 ,837 -9833 4 6 4.3
~~ ~~ ~382 ~ . 5 1*5 1 3 . 9E 130.3 .8495 .8499 4. 2 3.9
. 3 . 2
34 . 4644 1b4.
152. 7'
154. 4
1 117
1. 0u1
1. 11
1. 1 
-1. 2
- U. '.t
34 ________- 4-
Layered Medium
o'= 10~
0- = 10-1 I
T = 104
U0 'i
sec
20 km
40 km
a = 0.28
Source Field: Quasi-Uniform H4
Thin sheet model in Fig. 4.1-2
. 8295 . 8353
4. 
3
.6276 R
1. 288
.48 . 4896 152, 7Y
0. 426
TABLE 4.1-2
.463J8 .4648 154. 6
Layered Medium
o = 10~ '
a 10 L
T = 10 sec
20 km
40 km
a = 0.28
Source Field: Quasi-Uniform H
Thin sheet model in Fig. 4. 1-2
Amplitude of Phase of Amplitude of Phase of
Distance Ev (V/m) Ey (Deg) H x (At/m) H (Deg)
x _ Using Using Using Using
mbe- - Uniform Imbed- Uniform Imbed- Uniform Imbed- Uniform37km ding ding Spacing ding Spacing ding Spacing
x10 ix10
- - 2712 .4713 153.2 t53.5 1.092 1.094 -0.2 -0.2
.5031 .5034 147.7 147.5 1.007 1.005 0. T 0.4
1 .539 147.6 148.1 1.151 1.155 -4.7 -4.6
1 .5649 .5921 134.3 12.5 .8484 .8485 5.0 4.7
T1 . 95 . 6078 128 2 127. 5 .83 . 8400 4. 8 T4 
2 ., a 6258 12. 5 125.1 .8334 .838 47W 470
13 . 6280 . 6374 12.9 123,7 .8294 . 8352 4 3
40 .T32 3 1 23. 5 123,,3 .8303 . 8358 4 3.9
1510 6317 .60 123.8 123.6 .8306 8362 4.1 3.90
- 16T .230 .6333 12872 2 2.9-
17 .6074 .6196 127. 2 126.5 .8335 .8382 4.6 4.3
.5992 1$1.9 130.3 .8494 .8498 4.2 4.0
~ 2 5518 .5526 4. 142.2 1.032 1.033 -32 -
3 . 2 . 9 152, 7 152. 7 1.117 1. 11 -1.2 -1.
1 26 1b4. 4 1. 091 1. U1 U. 4 0. 4
TABLE 4.1-3
Amplitude of Phase of Amplitude of Phase of
Distance H (At/m) H (deg) H (At/m) H (deg)
x x y y
x Using Using Using Using
37 km Imbed- Uniform Imbed- Uniform Imbed- Uniform Imbed- UniformSding pacing din Spacing ding Spacing
2 . 77 .7231 -174. 7 - 174-. 8F 0. 7184 0. 743 -177. 2 -177. 2
5 .63 .6713 -131.4 -131.4 0. 7003 0.7012 -1 -138.6
S.7790 .82 -87.6 -88.1 0.6033 0.6296 -94.4 -96.3
S.5 976 . 6099 -58, 3 58. 9. 0 0.06047 -0.8 -61. 4
1f .5904 .(599 -T6.T -T.1 0.59T6 05959 -48.0 -48.4
12_ .5866 .5945 -33.2 -33.2 0.5927 0.5932 - 34.5-
157H _' . . 5856 -19.8 -19.9 0. 5856 0.5875 -2_1. 5 2, 6
14 .5756 . 514 -6.6 -6.9 0 5842 0.5850 -8. 3-.
15 .5730 .5774 6.7 _ . 2 0,5788 0.5808 4.9 4.9
L 16 .5709 . 5731 18, 6 18. 0 0. 5758 0.5797 18. 1 18. 1
17 . 5725 .5721 33.2 32. 6 0.5762 005795 31.,3 313
.577 5 6 44,2 44. T 0. 5640 0. 5746 447 44.
20 .5754 .5964 56.0 56.8 0.6148 0.6357 70. 2 69.5
5. 6717 . 6775 9  9 0. 6980 0. 7126 106.0 106.8
3 .0843. 5 1_43.1 00 741 0. 7467 _ _144._ 8h 144. 5
Layered Medium
C = 10-3
a = 10' -
Or= 0. 28
T = 10 sec
20 km
40 km
(H) Source Field: 6 {(x - 6.21 x 105) + (y - 6.21 x 105)0. 5 e 1 0
Thin sheet model: Figure 4. 1-2
TABLE 4.1-4
Amplitude o? Phase of Amplitude of Phase ofDistance H, (At/m) H (deg) H (At/r) H (deg)
x Using Using Using Us
m - E__ - Uiom me-Uio med- Uniform Imbed- Uniform37 km dinq Spacing ding Spacing ding Spacin ding Spacing
W __ .7093 .7224 -174.7 -174.6 .7180 .7432 -177.3 177.3
5 . 6655 .6689 -130.7 -131.4 6973 .6994 -139.2 -138,7
f- . 7823 .8112 -87.6 -87.6 .5949 .6238 -94.0 -9.
-R-- 05 .025 -58.4 -59.1 90 517 62 6
1 . 583W6 . 0 -46.1 -46. .593 75 -47.9
T .0 8 -. 0 -3 .5904 -34.-3 .4
-~~~~~~S 13. 75 59 -9,4 19
__7 1TM5' .T0~W~~ 2WW TUe'T 555W -21._
. 5715 - 5772 -6. 1 -.. 5808 8 -- -8.,0
1 7557 175 .5757 57 6.9
-T 75685 .5705 19. 07 450 85
m p5litu of76 5757 of
I* 58iY5 .5723 -4-6 44.9 5 56 00 . 5705 45.4 7
20 j 5725 .5929 55.8t 56. 7 .6130 . 6337 70.8 70. 0
9.G78 .7427 -177.3 -17.
26 6876 423 .7474 -9. -96.
. 590.792066.6 -0
Layered Medium.
(H) Source Field:
T = 10 sec
0 = 20 km
0- =10~1 40 km
a' = 0.28
0. e0 ((x - 6.2 x 10 50. 5 e 106
+ (y - 6.2 x 10 5 )
Thin sheet model: Figure 4.1-2
TABLE 4.1-5
Amplitude of Phase of Amplitude of Phae of
Distance H (At/m) H (deg) H (At/r) HY (deg)
x Using Using Usin Using
Imbed- Uniform Imbed- Uniform imbed- Unilorn Imbed- niorm
37km ding Spacing ding Spacing ding Spacing Spacing
2 .7096 .7225 -174.7 -174.6 .7179 .7432 -177.4 -177.3
. 6654 .68 -130.1 6 -131. 3 . 6 -1
8 . 7826 .8125 -87. 6 -87.6 5936 .630 -93.9 -96.2
10.55 . 6014 -58.4 -59.1 .5920 . -60.1 -60.7
58 .591 -46.1 4 T _.O .5385 .5918 8
12 .5796 .5874 -33.0 -33.0 .5882 5900 -33.9 34.3
13 . 5714 . 5782 -19.3 -19.4 .5831 .5850 -21.0 -21.1
14- . 5709 . 57667. -6. 0 -6. .5804 .5820 -7.8 -7.9
.5713 . 575 7. 4 7.0 5752 .5771 5.3 5.9
150 5701 19.1 18 4__O .5711 .5 18.
17 . 5756 -. 5747 3. 9 -3 3 .57 .5752_ WW ?
18 . 521 .5729 44.7T 50 .5594 .5699 4545.
20 _ .5721 .5925 55.7 56.7 .6334 70 70.1
-. 667T .6709 99.2 99.3 .6974 7128 1R,4 107.1
........... W, C .7061 1Y T3.Y4 3. 7Q Y-1-44- 9W _ T14-4Y5-
Layered Medium
C= 10
T = 104 sec
20 km
40 km
(H) Source Field:
a = 0.28
2n
b6 ((x - 6.2 x 105
0. 5 e
+ (y - 6.2 x 10 5)
Thin sheet model in Figure 4.1-2
TABLE 4.1-6
Amplitude of Phase of Amplitude of Phase of
Distance H (At/m) H (deg) H (At/m) H (deg)
x xy y
x Using Using Using Using
37 Imbed- Uniform Imbed- Uniform Imbed- Uniform Imbed- Uniformkm ding Sacing ding Spacing ding Spacing ding Spacing
2_ .7097 .72 -174. 7 -174.6 .7179 .7432 -177T. 4 -177.3
S.6!54 .6685 -13 6 -131.3 .6966 .6911 -139.2 -138.8
- 7826 . 8126 -87. 6 -87.9 6 535 .622 9 -93.9 -96.2
1 94 .6013 -58. T_ -59. 1 . .5983 -60.1 -60,6
1 . 55 . 590 46.1 46.0 .5885 .5918 474 -47.
12 .~795 . 5873 -33. 0 -3 0 .5882 .5900 -33.9 94
13 .5781 -19.3 -19.4 .5831 .5850 -21.40 -1,1
4.5708 .565 -6.0 -6. 2 . 5803 .580 .- 7.8 -7. 9
1 .5713 .5755 7. 7. 0 .5751 . 5 70 5.3 5.3
16. 580 .70 191 18. 5 .5711 .754 1. 686
17 .7 5756 .T5747 33. 9 . 5720 . 5751 31.3 818 . 5822 .5704T7 5i 59 .59 45. 6 452
2 5720 . 5925 55. 7 56. 7 . 6127 .34 70. 70. 1
23 . 6674 . 6708 99. 3 99. 3 . 6974 .7128 106.4 107. 1
26 ~.62 . ~7061 3 4 43. 0 . 7425 . 7476 14, 144.
Layered Medium
U = 10-6
Cr = 10~ 1
U = 0. 28
(H) Source Field:
2i 5
0. 5 e0
{(x - 6.2
T = 104 sec
20 km
40 km
x 105) + (y - 6.2 x 105))
Thin sheet model in Figure 4. 1-2
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4.2 Application to One-Dimensional Generalized Thin Sheet
The imbedding scheme is shown in Fig. 4.2-00. The only
difference in this case is that there is one additional variable p
(the resistivity thickness product of the resistive sheet) for which
an average property has to be determined as for O' . This is deter-
mined by computing p = E / ,Jzi1. The rest of the steps
1z z i zi
involved in calculating the solution using imbedding are exactly the
same as for the thin sheet model. As in thin sheet models, two
types of source fields were employed: (1) a quasi-uniform source
filed; (2) a source field with variation in both the x and y directions.
The solutions were computed using equations (2. 3. 5) and
(2. 3. 6), which resulted in four unknowns at each grid point, viz.
E , E E , E instead of just E , E (with (2.3. 7)). The
x yf X y x y
advantage is that with four unknowns we get rather simple equations
for the case of the source field, varying in the x and y directions,
whereas with (2. 3. 7) (although it results in half the number of
equations which is not an enormous advantage in the case of one-
dimensional variation in generalized thin sheet) we lose this simple
nature of equations.
The results are summarized in Figs. 4.2-1 to 4.2-11 and
Tables 4.2-1 to 4.2-3. A comparison of the Figs. 4.2-1, 3, 4, 5,
for which the generalized thin sheet models (ps being constant) are
sirnrar to the thin cheet rodels, with Figs. 4.1-3, 5, 7 shows that
scatter is greater in the generalized thin sheet muuels. This may
be due to the method of computation which resulted in using four
averages (E_, E~ E , E+) outside the inner region instead of justyk XSY X y
120
two (E, E). However, the agreement between the 'true model?
solution and the 'imbedding. solution' is still satisfactory.
Thus in the 'imbedding' method the entire problem is solved
by solving a much smaller sized problem several times. For
instance, in the above example (for the case of a quasi-uniform
source field) we essentially solve a system of 9 simultaneous
equations twice. Using a uniform spacing throughout we have to
solve a system of 27 simultaneous equations once. For a non-
uniform source field with variation in the x and y directions or only
the y direction, we would have to solve a system of 18 equations
twice for the imbedding method, or a system of 54 equations once
for the uniform spacing method. For a three-level imbedding with
non-uniform source field, the difference is solving a system of 18
equations thrice (imbedding) or solving 162 equations once (uniform
spacing).
1 1E E E E E 3 45678 19 E E E E5E5E5E6 E6 6
E 2 2 2 3 E3 51 3 '4 '5 67 8 E66 6
E 1 E 2 E 3 E1 E 2 E3 El4 E 5E 6E 7E81E 9E 4 E 5 E 6
E E E F E El E E E E E E1 _ 2 .4- 3 F789 4 5 6
Fig. 4.2-00
Imbedding Model
F 00 0 to1 0 0 0 0
15,000 10, 000 15, 000 ooo M1 -1 o o .
2 5 8 10 11 12 13 14 15 16 17 18 20 23 26 x 370 km
Uniform Spacing Model
O 0 0 0 0 0 00 LO 077 11 J1 If f 1111a
,-C o, o o 14 o o ) o LO -TO 0 0-4
o" o LO o: oD LO o o Lo L- LO M Wo Ma CT C 0 m o o o o o in o to
2- 2 - 2 -- o' - o' - o' - V- V -- 4 'o' o
1 2 3 4 5 x 370 km
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Fig. 4. 2- 0
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10 -
10~- -
O Using uniform spacing.
X Using imbedding.
= 2 x 10
T = 104 sec.
Layered Medium
1a=10-1 40 km
OR a = 0.28
SOURCE FIELD: Quasi-Uniform H
y
0
S10- 5
P I A
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
DISTANCE -#
Refer to Fig. 4.2-0 for thin sheet -Model used in the study. Phases
for the two cases are plotted in Fig. 4.2-2.
Fig. 4.2-1
-6110 11 r I a a I I I 1 4
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DISTANCE 4
I *L~---J-. LI, 4-, -4-.-4.I-,-,--- I I I : I I I r -
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
Refer to Fig. 4.2-1 for
details.
Fig. 4.2-2
-20t-
0
wO
0k
-40
-60 1
-80 F
SOURCE FIELD: QUASI-U
0 Using uniform spacing.
X Using imbedding
X
NIFORM H
y
P = 2 x 108
T = 10 sec
Layered Medium
0= 10
a = 0.28
40 km
- 1 9 1 1 1 ff 0 2 -W .. 1 1 a
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
DISTANCE -o
Refer to Fig. 4.2-0 for thin sheet model used in the study.
for the two cases are tabulated in Table 4. 2-1a.
Phases
Fig. 4.2-3
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10-5
0
-4
126
10
10 4
Using uniform spacing.
Using imbedding.
QUASI UNIFORM Hy
p = 2 x 109
T = 104 sec
Layered Medium
C = 10
a = 0.28
40 km
I U
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
Refer to Fig. 4.2-0 for thin sheet model una in this comparison.
Phases for the two cases are tabulated in Table 4.2-1b.
Fig. 4.2-4
SOURCE FIELD:
0
0-4
-4p
E-4
1- 5
10- 6
127
SOURCE FIELD: QUASI-
UNIFORM H
P =5
2 x 1010
T = 104 sec
Layered Medium
S= 10-1 40 km
= 0.28
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
Refer to Fig. '4.2-0 for sheet model used in this comparison. Phases
for the two cases are tabulated in Table 4.2-1c.
Fig. 4.2-5
10-3 ,
10
0
p.
10'
10- 6
0 Using uniform spacing.
X Using imbedding.
I I
6.2 x 106)
10(H) SOUR CE FIE LD: 0. 5 e
G Using uniform spacing.
X Using imbedding.
+ (y - 6.2 x 106 )
T = 10 sec
1= 2 x 10
Layered Medium
* = 101 40 km
a = 0.28
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
DISTANCE
Refer to Fig. 4.2-0 for thin sheet model used in this comparison.
Phases for the two cases are plotted in Fig. 4.2-7.
Fig. 4.2-6
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10-4
x
0
-J 10
10- 6 q I I - -1 1 3 i I 6
180
160
120
80
o Using uniform spacing.
X Using imbedding.
DISTANCE -+
2 4 6 8 10 12 14 8 20 22 24 26 x 370 km
Refer to Fig. 4. 2-6
for details.
Fig. 4.2-7
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0)
0)
x
0
~I2
40
0
-40
-80
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-160
-18)
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(H) SOURCE FIELD:
2i#Ti
.i 
0 .,5 e 1
66. 2.x 10 ) + (y - 6,2 x 106 )1
G Using uniform spacing.
X Using imbedding
T. = 10 sec
= 2 x 10 8
Layered Medium
a= 10 40 km
a =-0.28
r 2 1 t 2 j I t I I a 6 1 -
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
DISTANCE
Refer to Fig. .2-0 for thin sheet model used in the comparison.
Phases for the two cases are plotted in Fig. 4.2-9.
Fig. 4.2-8
^1 30
0
I4
10- 5
10- 6
131180. /
16Ct
Using uniform spacing.
Using imbedding.
DISTANCE 4
2 4 6 8 10 12 14 20 22 24 26 x 370 km
Refer to Fig. 4.2-8 for
details.
Fig. 4.2-9
120
80
U,
r42
40
0
-40
-80
-120
-160
- I P (1
10
10~
® Using uniform spacing.
X Using imbedding.
27i 6 6 3
S6.2 x 10 )+(y - 6.2x10 )132
0.5 e
T =10 sec
P= 2 x 10
Layered Medium
10 .40 km
a = 0.28
I I a
2 4 6 8 10 12 14 16 18 20 22 24 26 x 370 km
DISTANCE
Refer to Fig. 4. 2-0 for thin sheet model used in this comparison.
Phases for the two cases are plotted in Fig. 4.2-11.
Fig. 4.2-10
(H) SOURCE FIELD:
0
r4
10- 6
133
o Using uniform spacing.
X Using imbedding.
DISTANCE
370 km
Refer to Fig. 4.2-10 for details.
Fig. 4.2-11
180
160
120
80
to
(D)
0 )
P4
-40
-801
-160
I
Phase of
Distance E, (deg)
x Using
37nbed- Uniform370 km ding Spacing
2 -33 2 -33. 5W5 -35.5 -5 9
8 -39.5 -40.2
10 - 8-42. -45.1
11 -47.1 -49.8
12 -_~52.Y 0 -54.2
13e -. 5 -58.3
14 -60. 7 -60. 6
15 -56.8 - 57, 8
16 -52. 6 -54.7
17 j -46.9 -49.7
18 -42.1 -44.6
20 -38.9 -39.6
23 -34.8 -33.9
26 -32. 9 -38.1
o = 2x108
TABLE 4.2-1
Phase of
E (deg)
Using
Imbed- Uform
ding Spacing
-49. 2 -49. 4
- 49.---q-o6 -49.8 1
-50.4 -50.6
-51. -3 -51. 4
-51.8 52.0
53.3a -53.7-
-54.4 -5501
-53. 1 -53.6
-62.2 -52.7
-51.7 -52.0
-51.2 -51.4
-50.3 -50.
-49.5 
-49.7
-49.__2 -49 w4-
Ps 2 x 109
Layered Medium
z = 10-
a = 0.28
Phase of
E (deg)
Using
Imbed- Uniform
ding Spacin
-57. 9 -57. 9
-57.9 -58.,0
-58.0 -58.1
-58.3 -58. 1
-58. 3 -58. 2
-58. 4 -58
-58.4 -58.3
-58. 4  -58. 3
- 58. 4 -58.
-58._ -8.72
-58.3 
-58.2
-58.3 -58.1
-58.0 J-58.1
-57.9 -58.0
-57._9 -57.9
ps = 2 x 1010
C
T = 104 sec
40 km
Source Field: Quasi-Uniform Hy
Thin sheet model: Figure 4.2-0
TABLE 4.2-2
Amplitude of Phase of mpliude o Phase of
Distance H (At/m) H (deg) H (At/r) H (deg)
x Using Usi Usi. Usin
37 k mbed UnIorm IFef--UiomIbd nfr-ibd nfr
370 km ding Spacin din Spacin ding
~ 2 .95 1 .12.0 9746 .9547 T -12.6 -T6:Th
5.438 .9589- 99 127 -2 .
~ .9711 .9828 -80.6 -81.0 .9388 .9633 82.5 -
0~ . 8978- . 8 -54.5 -5. .942 .448 - 55'. 2 -54.
iTW8 219~ .~ ~ 4 TM3 . 93-7-2 4o '---42 32
12 T9295 .93021- - 2 8.8- -=28-.3 .9362 .9368 -29.1 -29.0
-- Is -f Km-t-d MTf-
13- .932 924 -- 5,- 1 5 T W ~ .9321 -15.8 -15.
14Imbd Uf mb 9333 .n9333
15 9M,- 9255 10.6 10.7 93V'.931 10.6 90.68
16 -9256 .9358 23.0 23.0 .9346 .9348
17 .~g95 .8 P 76 _ 3 .9381 7
___W5 T51 W -5 495 .~T M,47- .99 9- 50.0L_2~ 7i2 .9766 750 5. .-9- 0~~ -.-9601 T7 o 77. 4~
__WW TF-97 117. P2- 9_ 5T78 n--9 117.5 TF7
57 739 157.7 157.5 9. .9768 -126 - 2
= 2 x 107
(H) Source Field:
Layered Medium
a = 10~
- = 0.28
21ti
0. 5 17(x - 6.2 x
T = 10 sec
40 km
106 ) + (y - 6.2 x 10 6)
Thin sheet model: Figure 4.2-0
TABLE 4.2-3
Amplitude of Phase of Amplitude of Phase of
Distance H (At/m) H (deg) H (At/m) H (deg)
x x y y
x Using Using Using Using
Imed- Uniform Imbed- Uf n niform Imbed- Uniform370 km ding Spacing d Spacing ding Spacing ding Spacing
2 .9528 .9734 -162.1 -162.2 .9549 .9776 -162.7 -162.5
-- - .9449 .9587 122. -122.5 .9587 .9685 -122.7 -122.8
865 . T757 -80.0 -80.7 .9 .9612 -82.6 -82.8
0 .916 .870 -5.8 -5. .36 96 -55.8 -54.9
11 .9330 .9218 -42.5 -T1.9 .9366 .9335 .7 -42.4
12 . 922 . 9277 -28. 3 -28.6 ..947 _ 9337 -2 - 29.Y
1 ~ . 9270 -16.3 -15. 5 9317 . 79304 -16.1 -15.8
1.4 911 .2 -- 2.24 .91 .- 9316 - -2. 5
1_ ._85 .- 99 10. 4 10. 8 .92 . 9297 10.3 10. 8
16 .9270 .93140 2 72. .9265 .9326 23.1 24. ?0
17 . 8648 .9119 3. 7 .9269 .9348 36,5 37.3
18 .8087 .8792 57.9 50.6 .9007 .9331 47. 8 9.9
20 9516 . 9744 74.5 75. 6 .M929 T. 9674 77_ 7. 4
23 .9665 .9775 116.1 117.0 .9581 .9718 117.5 117.8
26 . 9548 . 9728 157.7 157, 5 . 9604 . 9770 
_157_. _9 _ 157.6
= 2 x 108
(H) Source Field:
Layered Medium
a = 10~ 1
U = 0.28
(x - 6.2 x 106) +2Tri {
0. 5 e107
T = 104 sec
40 km
(y - 6.2 x 106 )
Thin sheet model: Figure 4.2-0
137
CHAPTER V
TWO-DIMENSIONAL SURFACE VARIATIONS
In this chapter we treat cases in which crustal electrical
properties vary in both the x and y directions. Several times in
the interpretation of magnetotelluric data we encounter situations in
which conductivity variations do not have any well defined strike
direction (e. g. see Kasamayer, 1974). In these cases two-
dimensional models cannot be employed, as the conductivity
variations are three-dimensional in nature. Even situations that
appear quite two-dimensional may be far different from them as the
criteria for two-dimensionality is that the consistency along strike
must extend well beyond the adjustment distance. If the frequencies
of fields being studied are low, the surface layer in which the
conductivity and the resistivity vary in both directions can be treated
as an anisotropic thin sheet and we obtain a quasi-three-dimensional
conductivity model. We showed in Chapters II and III that the
anisotropic thin sheet can physically be thick and yet be treated as
thin.
In this chapter we re strict our discussion to cases in which only
the conductivity varies and therefore the resistive thin sheet is made
the top layer of the layered medium. We first check the accuracy
of the two- dimensional calculations. Then the imbedding technique
for ;wo-dimensional conductivity variation is dese4hed and the
accuracy of the two-dimensional imbedding solution is checked.
Finally the method is applied to find the island effect on Oahu,
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Hawaii. These results are used to investigate the accuracy of the
assumptions made by Larsen (1975) in the interpretations of his
very long period magnetotelluric measurements on Oahu. These
measurements are of special interest because they are the most
extensive long period magnetotelluric measurements that exist to
date and the most reliable measurements that sample the suboceanic
mantle.
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5. 1 Checking Two-Dimensional Calculations
The two-dimensional calculations were checked by comparing
the solution obtained with two-dimensional calculations for a one-
dimensional problem with that obtained using one-dimensional
calculations. The results of this comparison are shown in Figs.
5.1-2 to 5.1-7. The o s model is shown in Fig. 5. 1 -1. From
these figures we see that the agreement between the two solutions
is perfect.
_______ I I I t I I I
y4. 111 222 333 444 555 666 777 888 999
111 15, 000 10, 200 8, 000 40 30 50 10, 000 8, 000 15, 000
122 15, 000 10, 200 8, 000 40 30 50 10, 000 8, 000 15, 000
333 15,000 10,200 8,000 40 30 50 10,000 8,000 15,000
144 15, 000 10, 000 8, 000 40 30 50 10, 000 8, 000 15, 000
355 15, 000 10, 200 8,000 40 30 50' 10,000 8,000 15,000
666 15,000 10, 200 8, 000 40 30 50 10, 000 8, 000 15, 000
777 15, 000 10, 200 8,000 40 30 50 10, 000 8,000 15, 000
888 15,000 10, 200 8,000 40 30 50 10, 000 8,000 15, 000
099 15,000 10,200 8,000 40 30 50 10,000 8,000 15,000
(kmn)
g 1 Conductance of the thin sheet model.
(km)
Fig. 5.
Map of the Amplitude of E (x 10~4) (V/m)
y
Layered Medium
20km o = 0 mho/m
40 kn = 0. 1 mho/m
- =0. 28 mho/m
T =10 secs
Source Field: Quasi-
Unifoim H
x
(. 5975) (. 6528) (.6743) (.6479)(.
The conductivity thickness product
5921) (.5466) (.4987)
of the thin sheet model is shown
in Fig. 5.1-1. The amplitudes of Ex and H were zeros.
Values in the brackets indicate the amplitude of E obtained
using one-dimensional model of-the thin sheet. 1hases for the
two cases are shown in Fig. 5.1-3.
(km)y111 222 333 444 555 666 777 888 999
111 .4957 .5404 .5975 .6528 .67.43 .6479 .5921 .5466 .4987
222 .4957 .5404 .5975 .6528 .6743 .6479 .5921 . 5466 . 4987
333 .4957 .5404 .5975 .6528 .6743 .6479 .5921 .5466 .4987
444 .4957 .5404 5975 .6528. .6743 .6479 .5921 .5466 .4987
555 .4957 .5404 .5975 .6528 .6743 .6479 .5921 .5466 .4987
66 .4957 .5404 .5975 .6528 .6743 .6479 .5921 .5466 .4987
777 .4957 .5404 .5975 .6528 .6743 .6479 .5921 .5466 .4987
888 .4957 .5404 .5975 . 6528 .6743 .6479 .5921 .5466 .4987
999 .4957 .5404 .5975 .6528 .6743 .6479 .5921 .5466 .4987
(km)
Fig.
(.4957)
5.1-2
(.5404)
Map of the Phase of Ey (Degrees)
.~x 4
4 4 . I I I I
111 222 333 444 555 666 777 888 999
111 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
222 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
333 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
444 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
555 153. 8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
666 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
777 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
888 153. 8 146.2 138.2 125. 2 122.5 125.8 140.6 143.9 153.2
999 153.8 146.2 138.2 125.2 122.5 125.8 140.6 143.9 153.2
(kn) (153. 8) (146. 2) (138. 2) (125. 2) (122. 5) (125. 8) (140.6) (143.9) (153.2)
Fig. 5.1-3 The conductance of the thin sheet model is shown in Fig. 5.1-1.
Values in the brackets indicate the phase of E , obtained using
a one-dimensional model of the thin sheet. For details refer
to Fig. 5.1-2.
(km)
Map of the Amplitude of H (At/m)
* I I I
111 222 333 444 555 666 777 888 999
111 1. 139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1. 138
222 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
333 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
444 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
555 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
666 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
777 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
888 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
999 1.139 1.052 1.022 0.862 0.863 0.862 1.072 1.002 1.138
(km) (1. 139) (1. 052)
Fig. 5.1-4,.
(1. 022) (0. 862) (0. 863) (0. 862) (1.072)
The conductivity
shown in Fig. 5.
amplitude of Hx,
the thin sheet.
(1.002) (1. 138)
thickness product of the thin sheet model is
1-1. Values in the brackets indicate
obtained using a one-dimensional model of
For details refer to Fig. 5.1-2.
'1
x.-1,- -4
yl (km)
Map of the Phase of H (Degrees)
_______ 4 m S S 4 1 1
111 222 333 444 555 666 777 888 999
111 -0.38 -0.98 -3.16 4.03 3.23 4.20 -4.32 0.21 -0.68
222 -0.38 -0.98 -3.16 4.03 3.23 4.20 -4.32 0.21 -0.68
333 -0.38 -0.98 -3.16 4.03 3.23 4.20 -4.32 0.21 -0. 68
444 -0. 38 -0.98 -3.16 4.03 3.23 4.20 -4. 32 0.21 -0. 68
55 -0.38 -0.98 3.16 4.03 3.23 4.20 -4.32 0.21 -0.68
666 -0.38 -0.98 -3.16 4.03 3.23 4.20 -4.32 0.21 -0.68
777 -0.38 -0.98 -3.16 4.03 3.23 4.20 -4.32 0.21 -0.6877 - -09 -31I.3 32 .0 -. 2 02 06
888 -0.38 -0.98 3.16 4.03 3.23 4.20 -4.32 0.21 -0.68
999 -0.38 -0.98 -3.16 4.03 3.23 4.20 -4.32 0.21 -0..68
(km)
(kn) (-0. 38)
Fig. 5.1-5
(-0. 98) (-3. 16) (4. 03) (3. 23) (4. 20) (-4. 32) (0. 21) (-0. 68)
The conductance. of the thin sheet model is show
Values in the brackets indicate the phase of HX,,
using one-dimensional model of the thin sheet.
refer to Fig. 5. 1 -2.
nin Fig. 5.1-1.
obtained
For details
Map of the Amplitude
Layred Medium
20 km a 3  mho/m
40km 0.1 mho/m
0,28 mho/m
4
T = 10 secs
Source Field: Qua si--
Uniform H
y
of E (x 10 4) (V/in)
111 222 333 444 55.5 666 777 888 999
111 .1390 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
222 .1390 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
333 .1390 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
444 .1390 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
55 .1390 .1710 .1282 2.673 .6616 2. 612 ..1041 .2175 .1388
666 .1390 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
777 .1390 .1710 .1282 2. 67 3 .6616 2.612 .1041 .2175 .1388
888 .1390 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
999 . 1 3 9 0 .1710 .1282 2.673 .6616 2.612 .1041 .2175 .1388
(kin) (. 1390) (.1710) (.1282)(2.673) (.6616) (2.612)(.1041) (.2175)
(km)
(.1388)
Fig. 5. 1-6 The conductivity thickness product of the thin sheet model is shown in
Fig. 5. 1-1. The amplitudes of E and Hx were zeroes. Values in
the brackets indicate the amplitudX of Ex obtained using one-dimensional
model of the thin sheet. Phases for the two cases are shown in
Fig. 5. 1-7. Amplitude of H for both cases is constant and equal to
1.0 (At/m) and phase for both cases is 0.0 degrees.
Map of the Phase of E (Degrees)
I I q Y 4 ~ f I I
111 222 333 444 555. 666 777 888 999
111 -51.49 -51.87 -52.56 -54.41 -61.57 -54.38 -52.58 -51.88 -51.49
222 -51.49 -51.87 -52.56 -54.41 -61..57 -54.38 -52.58 -51.88 -51.49
333 -51.49 51.87 -52.56 -54.41 -61.57 -54.38 -52.58 -51.88 -51.49
,334 -51. 49 -51. 87 -52. 56 -54. 41 -61. 57-5.3 -2.8-1.8-1.4
155 -51. 49 -51. 87 -52.56 -54.41 -61. 57 -54.38 -52.58 -51.88 -51.49
666 -51.49 -51.87 -52.56 -54.41 -61.57 -54.38 -52.58 -51.88 -51.49
777 -51.49 1-51.87 -52.56 -54.41 -61.57 -54.38 -52.58 -51.88 -51.49
888 -51.49 -51.87 -52.56 -54.41 -61.57 -54.38 -52.58 -51.88 -51.49
!99 -51.49 51.87 -52. 56 -54.41 -61.57 -54.38 -52.58 -51. 88 -51. 49
49X-51. 87) (-52. 56) (-54. 41)(-61. 57)(-54. 38) (-52. 58) (-51. 88)(-51. 49)
The conductance of the thin sheet model is shown in Fig. 5. 1 -1.
Values in the brackets indicate phase of Ex obtained using a
one-dimensional model of the thin sheet. For details refer to
Fig. 5. 1 -6.
(km)
(kIm)
Fig.
(-51.
5.1-7
-, X-4
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5. 2 Method of Imbedding for Two-Dimensional
Conductivity Variation
The imbedding method for two-dimensional calculations is
essentially the same as that for one-dimensional problems
(Chapter IV). One-dimensional strips in a one-dimensional
problem are now replaced by two-dimensional zones. The conduc-
tivity tensor in one-dimensional calculations has zero off-diagonal
terms, while in the two-dimensional variation the off-diagonal terms
are not necessarily zero.
The imbedding scheme for two-dimensional conductivity
variation is shown in Fig. 5. 2-1. Starting at the smallest scale,
average properties of the medium surrounding the point of measure-
ment are found. To find the average conductivity tensor, the
electric fields E , E and current densities J , J at each grid
x y x y
point are first determined for the H incidence field and the H
x y
incidence field. Let us define: E = E(E) = 7E(E) ,
x1 i j x ij y1i y ij
J =E(J )., J = E(J ).. for the H incidence field andX1 x ij yl Yij - x
E = EE(E ) ,2 = FaE(E ) 2 ,( )i, J = (J for
i j xii Ij y ij ij x ijy2 i j y ij
the H incidence field. From these, average conductivity tensor isy
obtained as
a a T J Eyx ye 1 y2 EY1 y[ yx Y.. 1
Similarly, average conductivity tensors at larger scales are deter-
mined. Having determined the conductivity tensors at all scales,
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fields are computed from the largest to the smallest scale. First
fields at the largest scale are calculated. Then the inner zone is
replaced by a set of smaller zones. The field in the middle zone is
recalculated using the outer zone fields as knowns. The process is
continued until the smallest scale is reached at which conductivity
variations represent the true variations in the conductivity values
of the medium.
As mentioned earlier (Chapter IV), checking the imbedding
solution for two-dimensional conductivity variation is not easy, as
a 'true model solution' at a spacing equal to the spacing at the
smallest scale of imbedding is very difficult or almost impossible.
However, when asps is small, the distance over which a discontinuity
in surface value affects the surface current and electric field
variation is small. Therefore to check the imbedding solution a
very conductive layered medium was used and the model solutions
were obtained in the region made up of the inner zone -and its
surrounding region using a uniform grid size throughout (equal to
the size of the grid at which the imbedded solution was obtained).
The conductivity variation employed, the imbedding scheme used, and
the region in which uniform spacing solutions were obtained are shown
in Fig. 5. 2-2. The results of this study are summarized in Figs.
5. 2-3 to 5, 2-12. From these we find that the agreement between
the two solutions is quite good.
In the above example, conductivity in the m e.."e region and
outside were uniform. In the other example shown in Figs. 5. 2-13
to 5. 2-23 the conductivity variation is more complex. Even in this
149
case the imbedding solutions agree well with those obtained using
uniform spacing throughout. There is no reason to expect the
accuracy of the imbedding technique to be any worse in two
dimensions than in one dimension, so the results shown in
Chapter IV can probably serve as a good indication of the level of
accuracy to be expected.
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Fig. 5. 2-1 Inbedding scheme for two-dimensional
condnctivity variation.
cr
a2
13, 400
= 20
Fig. 5. 2-2 Imbedding scheme used. a1 and o2 represent conductance of the grid
in mhos. The region drawn in dashed lines represents the region in
which the final (of 2 scale) imbedding solution is obtained. The
region enclosed within the dark lines is the region in which uniform
spacing solution was obtained.
-600
Map of the Amplitude of the Electric Field (V/m)
x 10-4
Yx
-1200.0027.0036 .0068.0000.0068 0036 0027
-600 .0052 .006040152.0000.0152 0060.0052
0 .0i00 .0000 0000.0000.0000 0000 0000
600 . 0052 .0060 0152 . 0000 .015 2 0060.0052
12001, 0027 .0036. 0068 0000 .0068 .0036 .0027
(km)600
Source Field: Quasi-Uniform H . T = 104 secs. Layered Medium
a = 0. 1 mho/m
a = 0. 15
a = 0. 28
Fig. 5. 2-3 Large scale 'imbedding' solution. Conductance of the thin sheet is given in
Fig. 5. 2-2. The region enclosed within the double li
area in which 'uniform spacing' solution was obtained.
nies represents the
x 10
(km)
E x
20 km
40 km
xy
-1800-1200 -600 0 600 1200 1800
-1200 .404 .404 .404 .404 .404 .404 .404
-600 .404 .405 .405 .396 .405 .405 f.4041
- - -- I
0 .405 .403 .422 . 649 .422 . 403 .405
600 .404 .405 .405 . 396 . 405 . 405 .404a
200 .404 .404 .404 .404 .404 .404 .404
E
-1200 12001800 1800
Map of the amplitude of the electric field (V/m)
E
-600 -400 -200 0 200 400 600
-400 .008 048 .042 0.0 .042 .048 .008,
(.010 (. 046 (. 040) (0. 0) (.040 (. 046) (. 0101
-200 003 .024 .038 0.0 .038 .024 .003
004) (, C24)(. 037) (0. 0) (. 037 (. 024)(. 004
0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0 (O.00. 0 . 0) (0. 0) (0. 0) (0. 0) (0. 0)
1200 .003 .024 .038 0.0 .058 .0241 .003
(.004) .024) .037) (0. 0) .037) (.024)(. 004)
--. 
.. . 0l8 .- -
400 (.008). 0) . 0 4 2 ) O..0 4 2 .o04 8 . 8
(.010)(. 046 .040) 0.0 (.040)(. 046)(. 010)
Source Field:
-600 -400 -200 0 200 400 600
-400 .410 401 .372 .357 4372 _071. 410
,4097)(.4128)(.3685) (,3599 .3635)(.4128) 409
-200 .412 .461 .649 .707 .649 .461 ..412
(4129)(,4596)C 6539: (.7064) 6539) .4596) .4129)
0 .416 .455 .579 .638 .579 .455 .416
.41 67) 4568)(.5779).6409) (.5779) 4568).41f67
200 .412 .461 .649 .707 .649 .461 .412
4129)'4596)'6539).7064 (6539) 4596),4129
0 .410 .407 .372 357 372 .407 .410
4097).4128)(.3685) .3599)C3685) ,4128)40
- i ' - .-m e . . o , -- m ' o ~ ... a . .r , . . - a m
Quasi-Uniforna H
Fig. 5. 2-4 Small scale 'imbedding' solution. The conductivity thickness product of the thin sheet
is shown in Fig. 5. 2-2. Values in the brackets indicate solution obtained using
uniform spacing over the region shown in Fig. 5. 2-2.
Map of the Phase of the Electric Field (degrees)
-600 -400 -200 0 200 400 600
-400 144 -14 -18 - 162 166 -36
(147 (-17) (-18) (162) (163) (-33)
-200 126 -20 -37 - 143 160 -54
(126) (-22) (-38) (142) (158) (-54)
0 - - - - - -
200 -54 160 143 -37 -20 126
-54) (158) (142) - (-38) (-22) (126)
400 -36 166 162 -18 -14 144
(163) (162) (147)
vu - - WnN 1
Vx
y .-600 -400 -200 0 200 400 600
-400 153 152 151 149 151 152 153
153) (153) (150) (149) (150) (152) (153)
-200 154 152 131 129 131 152 154
(153) (152) (132) (130) (132) (152) (153)
0 153 151 128 126 128 151 153
(154) (151) (127) 126) (127) (151) (154)
200 154 152 131 129 131 152 154
(153) (152) (132) (130) (132) (152) (153)
400 153 152 151 149 151 152 153
(153) (153) (150) (149) (150) (153) (153)
Source fi' ,ld:
Fig. 5. 2-5
Quasi-uniform I
Small scale 'imbedding' solution. Values in the brackets indicate solution obtained
using uniform spacing over the region shown in Fig. 5. 2-2.
(-18)1(-17)
Map of the Amplitude of the Magnetic Field (At/m)
H
x
y -600 -400 -200 0 200 400 600
-400 1. 01 1. 01 0.980 0.963 0.980 1.01 1.01
(1.01 L4 10 2 0) (0.97 4) (0.9 64)(0P.97 4)(1.0 20) (1. 014)
-200 1.03 1.09 0.8970.929 0.897 1.09 1.03
- --11.027)(1litll.092)(0.901)(0.932)(0.901)(1.092:(.027)
0 1.03 1.(9 0.891 0.929 0.891 1.09 1.03
(1.034)1.09 5) (0. 89 1) (0.929)(0. 89 1) 1.09 5) 1.034)
200 1.03 1.09 0.897 0.929 0.897 1.09 1.03
(1.027)(1.092) 0.901) 0.9 32) 0.901) 1.092) 1.027)
400 1.01 1.;.1 0.9800.963 0.980 1.01 1.01
CK.v)(1.014)(1.020) 0.974) 0.964) (1.974) (1.020 (1.014
Source Field:
H
y
x
y -600 -400 -200 0 200 400 600 Kw)
.010 .067 .062 0.0 .062 .067 .010
.008) (.064) (.058) (0. 0) (058) (.064) .008)
.006 .041 .030 0-0 .030 .041 .006
(.006). 040) (.030 (0. 0) (.030 (.040) . 006
0.0 0.0 0.0 0.0 0.0 0.0 0.0 e
(0. 0) (0. 0) (0. 0) 0,.0) (0,.0) (0. 0) (0. 0
.006 .041 .030 0.0 .030 .041 .006
(.006 (. 040):. 030) (0. 0) (.030) .040) 006)
. 010 .067 .062 0.0 .062 .067 .010
.008) (.064 (. 058 (0. 0) (.058) (.064 .008
Quasi-Uniform Hfx
Fig. 5. 2-6 Small scale 'imbedding'
solution. Refer to Fig.
solution. Values in the brackets refer to 'uniform spacing'
5. 2-2 for details.
C.'
01
Map of the Phase of Magnetic Field (Degrees)
H
x
x
-600 -400 -200 0 200 400 600 (
-400 0 0 0 0 0 0 0
(0) (0) (0) (0) (0) (0) (0)
-200 1 1 0 1 -1 1
(0) (~2) (1) (0) (1) (-2) (0)
0 0 -9 2 0 2 -2 0
(0) (-2) (2) (0) (2) 2) (0)
200 1 -1 1 0 1 1 1
400
(0)
0
(0)
(2)
( )
(1)
0
(0)
(0) (1) (-2) (0)
-
-
e~ -4------,
(0) (0) (0) (0)
p . & inumm~. ~m I rn 1mm
x
Y
H
y
-600 -400 -200 0 200 400 600
86 -5 -9 -- 171 175 -94
(103) (-9) (-10) ()(170) (171) (-77
58 -7 -9 . 171 173 -122
(64) (-10 (-11) (-) (169) (170) -116
- - - - -
-122 173 171 -9 -7 58
-116 (170) (169) (-) (-11) (-10) (64)
-94 175 171 -9 -5 86
(-77) (171) (170) (-) (-10) (-9) 103)
Source Field: Quasi-Uniform H
Fig. 5. 2-7 Small scale 'imbedding' solution.'
using uniform spacing throughout.
Values in the brackets refer to solution obtained
Refer to Fig. 5. 2-9 for details.
I
~n)
4~.
Map of the Amplitude of the Electric Field (V/m)
Ex x 10~'t
x
-1800 -1200 -600 0 600 1200 1800
-1200 .404 .404 .405 .404 .405 .404 .404
-6010.404 .404 .405 .422 .405 .404 .404
0 404 .405 .396 .650 .398 .405 .404
600 .404 .404 .405 .422 .405 .404 .400
12001.404 .404 .405 .404 .405 .404 .404
(km)
E x 10-
-18001-1200 -600 0 600 1200 1800
-1200 .0027.0036 .006E .0000.0068.0036.0027
-600 .0052 . 0060 0153 . 0000 . 0153 0060 .0052
0 .0000. 0000 0000 .0000. 000010000 . 0000
600 .0052 . 0060 0153 .0000.0153 0060 .0052
1200 .0027.0036.0068. 0000 .0068.0036 .0027
(km)
Source Field: Quasi-Uniform 4H . T =10 secs
y Layered Medium
= 0. 1 mho/m
a = 0.15
a = 0. 28
Fig. 5. 2-8 Large scale 'imbedding' solution. Conductance of the thin sheet is given in
Fig. 5. 2-2. The region enclosed in double lines represents area in which
'uniform spacing' solution was obtained.
20 km
40 km
Map of the Amplitude of the Electric Field (V/m)
E x 10
x 0
600 4001 -200 200 400 600
-400 .405 .408 . 466 . 456 . 466 .408 .405
(.404) (.413) .460) .457) (.460) (.413) (.404)
-200 .405 .371 .649 .579 .649 . 371 .405
(.405) (. 39) (.654) (.578) (.654) (.369) (.405)
0 .403 A357 .709 .638 .709 .357 .403
(.405) (.360) .706) (.641) (.706) (.360)(.405)i
200 .4015 .371 .649 .579 . 649 .371 .405
(.405) (.339) (.654)(.578) (.654) (.369) (.405)
400 .405 .408 .466 . 456 .466 .408 .405
(.404) .4 3) (.460) (.457) (.460) (.412) (.404)
Source Field: Quasi-Uniform H
y
Fig. 5.2-9 Small'scale 'imbedding' solution.
solution. For details refer to Fig.
E x 10
y
x
-600 -400 -200 0 200 400 600
.008 .0402 .0243 0. 0 .0243 .0402 .008
.0106) '0457) (.0243) (0. 0) (.0243) .0457) .0106)
0085 .0406 .0377 0. 0 .0377 .0406 .0 085
.0077) 0 398) .0374) (0. 0) 0 374) 0 398) (077
0.0 0.0 0.0 0.0 0.0 0.0 0.0
(0. 0) (0. 0) (0. 0) (0.0) (0, 0) (0. 0) (0. 0)
.0085 .0406 .0377 0. 0 .0377 1.0406 .0085
.0077) (.039 (.0374) (0. 0) '0374 (.0398 (.00T)
. 008 .0402 .0243 0. 0 .0243 .0402 .008
.0106) (.0457)(0243 (0.0) .0243) (.0457)(.0106)
Values in the brackets refer to 'uniform spacing'
5. 2-2.
Map of the Phase of the Electric Field (degrees)
mu - urn ima in U minm
-200 200 400 600
-400 -27 -28 -27 -30 -27 -28 -271
(-27) (-27) (-28) (-29) (-28) (-27) (-27)
-200 -27 -30 -49 -52 -49 -30 -27
(-28) (-30) (-48) (-53) (-48) (-30) (-28),
0 -28 -31 -50 -54 -50 -31 -28
(-28) (-31) (-50) (-54) (-50) (-31) (-28)
200 -27 -30 -49 -52 -49 -30 -27
(-28) (-30) (-48) (-53) (-48) (-30) (-28)
400 -27 -28 -27 -30 -27 -28 -27.
(-27) (-27) (-28) (-29) (-28) (-27) (-27)
(km)y -600 ,-4C00 (ki)
x
y -600 -400 -200 0 200 400 600
-64 156 158 - -22 -24 116
(-32) (163) (158) (-22) (-174) 148)
-34 162 142 - -38 -18 146
(-37) (162) (142) (-38) (-18) 143)
146 -18 -38 - 142 162 -34
(143) (-18) (-38) (142) (162) -37)
116 -24 -22 - 158 156 -64
(148) (-17) (-22) (158) 163) -32)
Source Field: Quasi-Uniform H
y
Fig. 5. 2-10 Small scale 'imbedding' solution. Values in the brackets refer to 'uniform spacing'
solution. For details refer to Fig. 5. 2-2.
4,
Map of the Amplitude of Magnetic Field (At/m)
fix
v -600 -400 -200 0 200 400 600 (km)
-400 .01 3 058 00 040 .058 .013
009) (.064) (.040) (0. 0) (040) (.064) '.009)
-200 .00k .059 .030 0.0 .030 .059 .008
(.007) 058) ( 030) (0. 0) (.030) (.058) C 007)
0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
(0.0) ((0.0) (0.0) (0.0) 0. 0) 0. 0) (0. 0)
200 .008 .059 .030 0.0 .030 .059 .008
(.007) (.058 . 030) (0. 0) . 030) (.058) (.007)
400 .013 .C58 .040 0.0 .040 .058 .013
009)(.064) .040)(0.0) 040)(064)(.009)
Source Field: Quasi-Uniform H
Fig. 5. 2-11 Small scale 'imbedding' solution.
solution. For details refer to Fig.
-600 -400 -200 0 200 400 600
1.00 _ Q_ L(_ 1.,09. 10 1.011.00
(1. 00) (1.02) (1.09) (1.10) (1.09) (1.02) (1.00)
3.993 0.977 0.898 0.892 0. 898 0. 977 0.993
0.994) 0.974)(0.901) (0.891)(0.901) (0.974)(0994)
0.984 0.961 0.931 0.929 0.931 0.961 _.984
:0,990) 0.964)0.932 0.929) 0.932) (0.964)(0.990
0.993 0,977 .898 .892 3.898 0.977 0.993
(0.994) 0.974) 0.901) 0.891) 0.801) (0.974 )(0.994)
1.00 1.01 1.10 1.09 1.10 1.01 1.00
(1. 00) 1. 02) (1.09) (1.10) (1. 09) (1. 02) (1.00)
Values in the brackets refer to 'uniform spacing'
(kmn)
Map of the Phase of the Magnetic Field (degrees)
H
x
--600 -400 -200 0 200 400 600
-400 71 -12 -10 - 170 168 -109
(104) (9) (-10) (170) (171) (-75)
-200 104 -11 -11 - 169 169 -76
(94) (-10) (-11) (169) (170) (-86)
0 -
200 -76 169 169 - -11 -10 104
(-86) (170) (169) (-11) (-10) (94)
400 -109 1 8 170 - -10 -12 71
-75) (171) (170) (-10) (-9) (105)
Source Field: Quasi-Uniform H
H
Yx -600 400 -200 200 400 600
0 0 -1 -2 -1 0 0
(0) (0) (-2) (-2) (-2) (0) (0)
0 0 1 2 1 0 0
(0) (0) (1) (2) (1) (0) (0)
0 0 0 0 0 0 0
(0) (0) (0) (0) (0) (0) (0)
0 0 1 2 1 0 0
(0) (0) () (2) (1) (0) '(0)
0 0 -1 -2 -1 0 0
1 (0) (0) (-2) (-2) (-2) (0) (0)
- inm
Fig. 5. 2-12 Small seale 'imbedding' solution.
solution. For details refer to Fig.
Values in the brackets refer to 'uniform spacing'
5. 2-2.
U 3
O4
U 5
a 6
8
CT8
= 13,400
= 12,000
= 10,000
= 9 000
= 8, 000
= 7 000
= 6000
= 5, 000
Fig. 5. 2-13 Imbedding scheme used, uj, a'2, etc. represent conductance of
the grid in mhos. The region drawn in dashed lines represents
the region in which the final (of 2 scale) imbedding solution is
obtained. The region enclosed within the dark lines represents
the area in which a 'uniform spacing' solution was obtained.
= 300
= 200
= 150
= 100
90
= 80
50
=20.
a 1 0
all
a-1 2
ay13
a 1 4
-15
Cf16
Map of the Amplitude of the Electric Field (V/m)
E x10-4
x
\-1800 -1200 -600 0 600 1200 1800 (km)
-1200 .0017. 0017. 0068. 0022 . 0057 .0028.0019
-600 .0034.0020 0154. 0048 . 0135 0044 .0037
I 
_
0 .0000.0000 .0014. 0000 .0000 .0000 .000C
600 .0035.0020.0152 .0049.0135 .0040.00371
1200 0017 0017 0068 .0022 0057 . 0020 .0019
E x 10
y -1800 -1200 -600 0 600 1200 1800
-1200 .404 .404 .404 .404 .404 .404 .404
-600 .405 .405 .403 .396 .406 .405 .405
0 .405 .409 .508 .656 .422 .403 .405
600 .405 .405 .403 .396 .405 .405 .405
1200 .401 .404 .404 .404 .404 .404 .404
Source Field: Quasi-Uniform H . 4T= 10 secs. Layered Medium
20 km
40 km
o = 0. 28
Fig. 5. 2-14 Large scale 'imbedding' solution. Conductance of the thin sheet is given in 5. 2-13.
The region enclosed within the double line represents area in which 'uniform spacing'
solution was obtained.
Map of the Amplitude of the Electric Field (V/m)
E x 10
x 0
-600 -400 -200 0 200 400 600
-400 .0140 .0455 .0279 .0026 .0458 .0440 .0055
(.02039).0458),0237)(.0045)(.0464)(.0366)(.0018)
-200 .0088 0036 .0403 .0084 ,0349 .0266 .0050
'.0060)'0049) (.042d(.0113) 0300)'.0300) (.0095
0 .0085 .0161 .0228 .0109 .00671.0024 .0025
(.0125)(.0150)(.0226)(.0118 (.0082:(.0040)(.0046)
200 .0064 .0084 .0378 .0066 .0354 .0258 .0039-1
.3030) (.0086)(.0386)(.0087)(.0317) .0279) (.0078)
400 .0082 ,05 1 .0161 .0069 .0494 .0421 .0035
.01 36) .O52).0137 (0088).0498)(.0344)(.0026)
Source Field:
Fig. 5. 2-15
Quasi-Uniform H
x
S7)ixd scale 'imbedding' solution.
solution. For details refer to Fig.
Values in
5.2-13.
the brackets refer to 'uniform spacing'
E x 10
x
-600 -400 -200 0 200 400 600 K
398 .404 ._372 .358 375 1._406 .412
(.404) (. 410)(. 369) (. 362) (. 372) (.413) (.412)
.497 .517 .664 .707 645 .460 .413
(.499) ,.519) (.668) (.709) (.649) (.462) (,414)
.552 513j 
_596 647 .578 .3458 41
(.560) (.511)'(.601) (.647) (.582) (.460) (.421)
.454 .559 .682 .705 .654 .458 .416
(.449) (.564) (.682) (.708) 656) (.460) (.415)
)41 .395 (370 (363 (37 -0( (.
Q.~)(.412) (.318) (.369) (.363) (.370) (.414j'(.4111)
Map of the Phase of the Electric Field (degrees)
xx,
y -600 -400 -200 0 200 400 600 km)
-400 157 -18 -23 -79 163 168 -30
(159) (-21) (-24) (--24) (162) (164) (-71)
-200 122 -.57 -45 119 149 156 -75-
(145) (-94) (-42) (143) (143) (158) (-31)
0 -52 1-12 148 -33 141 -30 125
(-19) (-13) (15) (-27) (152) (-7) (167)
200 -51 129 137 -49 -33 -22 11.1
(-34) (112) (137) (-36) (-38) (-22) (146)
400 -14 1 5 145 150 -17 -12 159
(-28) (161) (148) (160) (-17) (-17) (25)
Source Field:
x
-600 -400 -200 0 200 400 600 (km)
152 151 151 149 151 152 153
151) k152) 149) '(149) (150) (153) (153)
147 148 132 130 132 152 154
146) 148) 132) (130) (132) (152) (154)
141 146 128 127 128 151 153
143) 146) 128) (126) (128) (151) (154)
152 144 132 130 132 152 154
150) (145) (132) (130) (132) (152) (154)
152 151 150 149 150 152 153
(152) (151) (149) (149) (150) (153) (153)
QJ uasi-Uniform H
Fig. 5.2-16 Small scale 'imbedding' solution. Values i
solution. For details refer to Fig. 5. 2-13.
i the brackets refer to 'uniform spacing'
Map of the Amplitude of the Magnetic Field (At/m)
H
x
x
-600 -400 -200 0 200 400 600
-400 1.00 1. 01 0. 98210. 964 0.98 1.01 1.01
(1. 01) (1. 02) (0.977)(0.967) (0.979 (1. 02) (1.02)
--200 1.00 1.C8 0.918 0.934 0.904 1.09 1.03
1.01)(1. (8) (0.922)1(9.939) (0.909 (1. 10 A(1. 03)
0 0.970 1.0F 0.911 0.938 0.894 1.09 1.03
(0.981) 1.09) (0.91 5)0.9 38)0.897 (1.10 (1.05)
200 1.06 1.03 0.926 0.935 0.905 1.09 1.03
(1.05) (1.04) (0.928(0.941)(0.909 (1. 10) (1. 04)
400 1. 01 1. 00 0. 98C 0.967 0.981 1. 01 1. 01
(1.02) (1 .,1) (0.977 (0.969)(0.977) (1. 02 (1. 02
Source Field:
ry
H
y
-600 -400 -200 0 200 400 600
.012 .060 .043 .005 .066 .064 .008
(.018 (.058) .039) (.003) (.065) (.054) C005
.008 .013 .026 .004 .031 .042 .009
(.005) (.012) (.027) (.005) (.029) (.045) (.007)
.007 .015 .010 .004 .002 .002 .003
.010) (.015)(.010)(.004)(.003) (.003) C005)
.007 .015 .027 .004 .031 .041 .007
(.004) (.014) (.027) (.005) (.028) C 043) 006)
,006 . 074 .029 .006 .069 .062 .007
(. 011 (.070) (.027) (.007) (.068) (.052) (.007)
Quasi-Uniform H
Fig. 5. 2-17 Small scale 'inbedding' solution. Values in the brackets refer to 'uniform spacing'
solution. For details refer to Fig. 5. 2-13.
Map of the Phase of Magnetic Field (Degrees)
y -600 -400 -200 0 200 400 600
-400 0 0 0 0 0 0 0.
(0) (0) (0) (0) (0) (0) (0)
-200 0 - 1 0 1 1 1
(0) (-,2) ( ) (0) (1) (-1) (1)
0 0 -2 2 0 2 .2 0
(1) (-2) (2) (0) (2) (-2) (1)
200 0 ~1 1 0 1 -1 1
( 1 (- ) (1) (0) (1) (-1) (1)
400 0 0 0 0 0 0 0
(0) (0) (0) (0) (0) (0) (0)
Source Field: Quasi-Uniform H
x
y -600 -400 -200 0 200 400 600
125 -10 -14 -114 173 177 -108
(146) (-16) (-15) -65) (170) (173) -137
90 -4 -22 165 175 170 -115
78 (-19) (-22) (172) (172) (169) (-55)
-32 -9 161 -30 150 -35 126
(-9) (-9) (162) (-23) (162) (-9) (1,68)
-80 168 161 -5 -6 -9 62
( 106)(157) (160) (-5) (-9) (-12) (118)
-91 171 162 119 -8 -2 55
(-59) 166) (164) (141) (-10) (-7) (21)
Fig. 5. 2-18 Small scale 'imbedding' solution. Values i
solution. For details refer to Fig. '5. 2-13
i the brackets reflect 'uniform spacing'
Map of the Amplitude of the Electric Field (V/m)
E x 10 4
-1800-1200 -600 0 600 1200 1800
-1200 .404 .405 .404 .404 .405 .404 .404
-600 I.404 .404 .4111 .422 .405 .404 .404
0 .104 .403 .477 .645 . 396 .405 .404
600 . ,04 .404 .411 .422 . 405 .404 .404
1200 .404 .405 .40E .404 .405 .404 .404
km)
E x 10-4
xI
-1800 -1200 -600 0 600 1200 1800
-1200 . 0017. 0018 .0067 . 0020 .0057 .0028.0019
-600 .-003 5. 0021 0150 . 0046 . 0133 0044 .0037
0 .0000.0000 001 3.0001 . 0000 0000 . 0000
600 .0035 .0021 015 .0046.0133.0044 ,037
1200 .0017.0018.0067 0020.0057.0028 .0019
(km)
Source Field: Quasi-Uniform H .y T = 10 secs. Layered Medium
20 km
40 km
a-= 0. 28'
Large scale 'imbedding' solution.
Fig. 5. 2-13. The region enclos
Conductance of
ed in double lines
'uniform spacing' solution was obtained.
the thin sheet is given in
represents area in which
Fig. 5. 2-19
Electric Field (V/m)
Eyx10
-I - Y ~m- j - ~ mimi-I ~.
-600 -400 -200
E x1O
x 1
-600 -400 -200 0 200 400 600
-400 .421 .422 .463 .455 .465 .406 .406
(420) (.426) (.458) (.457) (.459) (.412) (.404)
-200 .492 .405 .640 .582 .641 .372 .405
484) .407) ( 643) (.583) (.644) (.370) (.406)
0 .519 .405 .700 .639 .701 .360 .400
.538) .401) (.703) (.637) (.701) (.360) (.405),
200 . 428 .460 .630 .578 . 648 ..369 .408
417) (.464) (.630) (.580) (.650) (.367) (.407)
400 .410 .428 .463 .457 .464 .409 .404
. 13) 430) (459) (. 458) 458) (.413) (.404)
x
Map of the Amplitude of the
.0096 .0347 .0146 .0028 .0276 .0371 .0053
0214)'.0430)C0106) (.0072)(.0324) 0363) 0025)
.0219 .0226 .0420 .0067 .0355).0411 .0103
0010).0192j (.0450)(.0098(.0300)'0431) (,013$
.0166 .0110 .0178 .0073 .0045 .0015 .0026
(.0106)(.0115 (.0195)(.0093)(.0070)(.0032) (.0048)
.0135 .0286 .0335 . 0028 .0375 . 0408 ,003)1
0051) (.0254 (.0353(0044)(.0380) (041,(,0116)
.0062 .0414 .0063 .0070 .0300 .0358.0041
.0159) (.0502)(,040)(.0118)(O353).0338).0022)
Values in the brackets refer to 'uniform spacing'
5. 2-13.
Source Fie*l: Quasi-Uniform H
y
Fig. 5. 2-20 Large scale 'imbedding' solution.
solution. For details refer to Fig.
200 400 600
I i
Map of the Phase of the Electric Field (degrees)
mini iinin S ~Si~ I I urn rn
x
-600 -400 
-2001 200 400 600
-400 -26 -28 -27 -30 -27 -29 -27
(-27) (-27) (-28) (-29) (-28) (-27) (-27)
-200 -35 -35 -49 -52 -48 -30 -27
35) (-35) (-49) (-52) (-48) (-30) (-28)
0 -41 -36 -52 -54 -50 -31 -28
(-39) (-37) (-51) (-54) (-50) (-32) (-28)
200 -30 -38 -50 -52 -48 -30 -27
(-32) (-37) (-50) (~52) (-48) (-31) (-28)
400 -27 -28 -28 -29 -27 -28 -27
(-27) (-27) (-28) (-29) (-28) (-27) (-27)
(km)
i uin~ rn - * - p - Imp
x
-600 -400 -200 200 400 600
-31 147 161 126 -26 -21 110
(-20) (158) (144) 164) -21) -16) (129)
-18 151 136 -60 -33 -20 136
(-32) (149) (139) -38) -38) (-19) (151)
171 166 -37 138 -54 132 -46
(158) (165) (-32) 151) -27) 173) (-12)
163 -33 -45 110 144 161 -39
(141) -34) (-45) 129) (144) 161) (-31)
93 -29 -30 -30 154 159 -85
157) - 2 1) -81) (-15) (160) (163) (-144)
Source Field: Quasi-Uniform H
Fig. 5.2-21 Small scale 'imbedding' solution. Values in the brackets refer to 'uniform
spacing' solution. For details refer to Fig. 5. 2-13.
(km)
Map of the Amplitude of the Magnetic Field (At/m)
H
yT
-600 -400 -200 200 400 600
-400 .0081 .047 .028 .003 .043 .055 .011
.019) 055) . 023)( 006) (.048)(. 054)1(. 004)
200 .014 0-32 .028 .003 .031 .059 .010
C', - -- WN
(.0006) 0 29 ) (.0429 (004) (.0 28)f(.061) (.011)
0 .013 011 .008 .002 .002 .001 .003
008)( 011) (009) 003) 003) .003) .005)
200 010.032 .025 .002 .031 .059 .009.
( 005) (. 030) ( 026)(. 002) [.029) (. 059) (. 009)
400 .013 .0 . 018. 006. 046 .054 .011
012) (. 064) (.013) (.010) (.051) (.051) (.007)
I-
Source Field:
Fig. 5. 2-22
'.2uasi-Uniform H1
y
Sinali scale 'imbedding' solution.
Lolution. For details refer to Fig.
Values in the brackets refer to 'uniform spacing'
5.2-13.
H
x
-600 -400 -200 0 200 400 600
1.03 1.04 1.10 1.09 1.10 1.01. 1.00
(1.03 (1. 04) (1.09) (1. 10) (1.09) (1.02) (1.00)
0.972 0.953 .898 0.893 0.900 . 978 0.993)
(0.969)(0.954)(0. 901 (0.892)(0.903) (0.975) .991)
.912 .957 .925 .927 .928 .963 .982
(.933) .952) (.929) C 926) 930) .963) ( 987
1. 01 .935 .895 .889 .901 , 973 .997
( 997) (.939) (. 895) (. 890) (.902)(. 972) (993)
1.02 1.04 1.10 1.09 1.10 1.01 1.00
(1.02) (1.05) (1.09) (1.10) (1.09) (1.02) 1.00)
(KYVI)
Map of the Phase of Magnetic Field (degrees)
-600 -400 -200 0 200 400 600
-400 111 -22 -10 -91 168 170 -120
(149) (-16) (-16) (-26) (169) (172) (-125)
-200 158 -17 -21 157 171 169 -78
(98) (-15) (-20) (171) (169) (-47)
0 2 -6 155 -44 134 -60 138.
(-15) (-11) (159) (-28) (163) (-8) (170)
200 -20 160 161 -8 -10 -11 103
(-11) (162) (1.61) (-12) (-9) (-11) (129)
400 -127 1( ) 170 133 -13 -9 50
-45) (63) (158) (-11) (-8) (26)
A.-No(158
Source Field:
Fig. 5. 2-23
x
-600 -400 -200 0 200 400 600
0 0 -1 -2 -1 0 0
(0) (0) (-1) (-) (-1) (0) (0)
-1 0 1 2 1 0 0
.(-1) (0) (1) (1) (1) (0) (0)
0 -1 0 0 0 0 0
(0) (-1) (0) (0) (0) (0) (0)
0 0 1 2 1 0 0
(-1) (0) (1) (1) (1) (0) (0)
0 0 -1 -2 -1 (0) (0)
(0) -(0) (-2) (-2) (-2) (0) (0)
Quasi- Uniform H
Small scale 'imbedding' solution.
solution. For details refer to Fig.
Values in
5.*2-13.
the brackets refer to 'uniform spacing'
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5. 3 Application to the IMnetotelluric
Measurements on Oahu, Hawaii
Larsen (1975) computed the E over B response of low frequency
(0. 1 - 6 cpd) magnetotelluric measurements on the island of Oahu.
He corrected for the island effect by treating the disturbance field to
be essentially static and by pinning the low frequency impedance to
the value obtained from magnetic variation studies. The conductivity
model of the earth that he obtained by applying Schmucker's inversion
scheme to his data is shown in Table 5. 3-1. . In our study we used
the same conductivity model for the layered medium but the top
20 km was assumed to have a conductivity of 10-10 mho/m so that the
electric currents in the surface sheet remain essentially in the
surface sheet as in Price's model. We assumed the ocean depth to
be 5, 500 meters and the thickness of the ocean sediments to be
200 m. The ocean and its sediments the: efore had a conductivity
thickness product of 17, 810 mhos (conductivity of the ocean water was
taken as 3. 32 mho/m and the conductivity of the ocean sediments was
set at 1 mho/m). Island conductivity was taken as 0. 036 mho/m
(see Larsen, 1975), which gave the conductance of the island as
191 mhos.
In Fig. 5. 3-1 is shown the bathymetry map of the Hawaiian
islands. The region over which the large scale solution was obtained
was much larger than the region shown in the figu: . The rec:on
enclosed within the d" - line represents the area in which the final
small scale solution was obtained. Because of the still rather
large grid size (55. 5 km), average conductivity tensors (obtained
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from much smaller grid spacing of 18. 5 km) were used even at the
final scale. (A two scale imbedding scheme was used. ) The
impedance obtained therefore gives the average value for the island
and its surrounding shallow ocean. The conductivity model is
shown in Fig. 5. 3-2.
To check the reasonableness of the calculations, E-fields
were computed for different values of resistivity of the resistive
sheet. The average amplitude of E fields within the middle 3 x 5
grids was compared with the corresponding solution for the one-
dimensional model of the rise discussed in Chapter III. For
example, average E was compared with E 1 1 (i. e. E y) of the one-
dimensional model (Chapter III). Average amplitude of Ey was
compared with I E, I (i. e. IEy I) of the one-dimensional model.
When the resistivity thickness product of the resistive sheet was
2 x 109 ohm-m-m, the average amplitude's of E and Ey (within the
middle 3 x 5 grids) were 0. 33 x 10~ and 0. 69 x 10~, which
compare well with 0. 3 x 10~4 and 0. 78 x 10~4 that were the
amplitudes of Eli and E, for the one-dimensional model (for the same
ps and frequency, Chapter III).
Varying the resistivity value of the resistive sheet from 10-3
to 10-5 did not have any profound effect on the surface electric field
variation (just as in the one-dimensional model). The surface
electric field variation for a resistivity of 101 ohm1.- m (of thc
resistive sheet) was aoout the same as that at a resistivity of
105 ohm-m. This is probably due to the dimensions of the resistive
zones being much smaller than the adjustment distance, so that much
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of the current would flow around the resistive zones rather than go
down into the mantle. Some changes did occur in the one-
dimensional models when the pa values were much smaller, but since
these effects are relatively frequency-independent and since we
cannot compare the absolute values of our results with Larsen's,
we did not incorporate small pa values in the two-dimensional
models.
E over B response was calculated for six frequencies. The
Hawaiian rise has a fairly well defined strike direction. The
calculated impedance was therefore rotated into the direction which
maximized Cagniard elements of the impedance tensor (Swift, 1967)
so that we could obtain two principal impedance values, one parallel
to the strike and the other perpendicular to the strike. These
values are tabulated in Table 5. 3-2 along with the impedance on the
surface of the (uniform) ocean.
To compare our predictions with Larsen's data the computed
impedances were rotated into the geographic coordinate system so
that y represented the true north and x represented the true east.
From these tensors (defined for geographic coordinates) the
following four quantities were determined:
Z +Z Z +Z
Z1 2 Z2 2
-x xxY
z zZ -3 24 2
In Table 5. 3-3 are listed the calculated amplitudes and phases of Z,
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z 2 ' Z 3 ' Z 4 along with those observed on Oahu (Larsen, 1975).
From Table 5. 3-3 we see that the amplitude of the impedance
calculated on the basis of the layered model given by Larsen is
much smaller than the observed values. In Larsen's calculations
the ocean was assumed to have a uniform conductance of 15, 800
mhos, whereas in our model the ocean was assumed to have a
uniform conductance of 17, 810 mhos. Reducing the conductance of
the ocean to 15, 800 mhos reduced the impedance calculated on the
island. Chanqgng the island conductivity from 0. 036 mho/m to
0. 0036 mho/m changed the surface E-field amplitude by less than a
percent. Therefore the differences in the measured and calculated
impedances do not appear to be due to differences in the thin sheet
model.
These differences could be due to various reasons. First of
all the calculated impedance is the average impedance for the entire
island and a small portion of the shallow ocean (as shown in
Fig. 5.2-1). Therefore the calculated impedance is expected to be
lower than the island value. However, the difference is not
expected to be too great. Secondly, electric fields are greatly
affected by local conductivity and resistivity variations. Hence the
measured impedance could be reflecting the local conductivity and
resistivity variations. Thirdly, in Larsen's calculations, mutual-
induction and self-induction terms were neglecte.'i where-s ir our
calculations no term w as dropped. It is known that including mutual-
and self-induction terms reduces the currents and therefore the
E-fields in the surface sheet (Bullard and Parker, 1970; Honkura,
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1972). Finally, part of the difference could be due to the method in
which island effect was corrected by Larsen. He assumed that the
magnetic field on the island was the same as that at half the depth of
the ocean. In our calculations the magnetic field on the island is
slightly lower than at the ocean. Further study is necessary to
determine the contribution of each one of the above possible causes.
Of all these effects none other than that of local resistivity
variations can account for the large discrepancy. Larsen realized
this problem and bypassed it by pinning his results to the extra low
frequency impedance determined by magnetic variation studies.
The phase and frequency variations of the impedance are not
dependent on local effects, however, and therefore critical
comparisons can be made between our results and Larsen's.
Figures 5. 3-3 to 5. 3-8 show the comparison between the
calculated and the observed amplitudes and phases. From
Figs. 5. 3-3 to 5. 3-5 we see that the agreement between observed
impedance and the impedance at half the ocean depth is good. The
comparison between the slopes of calculated and observed impedances
shows that towards the high frequency the calculated slope is higher
than the observed slope. The comparison between the observed and
calculated phases (Figs. 5. 3-7 and 5. 3-8) also shows that the
difference is higher towards the high frequency end. This phase
difference is maximum in the case of Z2) These differences could
be due to induction effects which were neglected by Larsen while
correcting for the island effect. From amplitudes (ratios) and
phases listed in Table 5. 3-2 we see that the induction effect cannot be
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neglected. Larsen's model therefore needs a slight modification.
The conductivity of the top layers should be slightly increased.
Thus we see that the induction effects which were neglected by
Larsen cannot be neglected towards the high frequency end of the
frequency range he studied.
The actual values of the impedance calculated are much
smaller than those observed. The discrepancy between the measured
and calculated impedance values can be explained in several ways.
The most important of these are: (1) The calculated impedance is
low because it is the average value and does not take into consider-
ation the actual variations in the conductivity at the point of measure-
ment. (2) The measured impedance is high because of the conduc-
tivity and resistivity variations at the point of measurement.
(3) Error caused by pinning. In order to obtain island correction
Larsen pinned his result to low frequency impedance determined by
magnetic variation studies. The accuracy of the pinning impedance
is not known.
The first possibility can be eliminated by computing the
impedance at much closer spacings (by using one more 'smaller'
scale imbedding). To eliminate the second possibility, E-fields
should be measured at a number of locations on the island to deter-
mine if high E-fields are peculiar to the measurement point. If
these two possibilities are eliminated, the discrepancy between the
calculated and measured values can be attributed to the third
possibility. In such a case a new conductivity model would have to
be determined. Such a model would have to have lower conductivities
than Larsen's model.
Fig. 5. 3-1 Bathymetry map of the Hawaiian islands. Dark lines
enclose the region in which the final 'imbedding'
solution was obtained.
05. 5 km
25. 5 km
70. 5 km
178.5 km
332. 5 km
382. 5 km
532. 5 km
653. 5 km
Thin sheet with variable conductance
a = 10-10 mho/m
a = 0. 077 mho/m
a = 0.093 mho/m
a = 0. 097 mho/m
a = 1. 581 mho/m
o' = 0. 270 mho/m
o- = 0. 589 mho/m
a = 1.014 mho/m
-4 Resistive Sheet
Fig. 5. 3-2 Conductivity Model
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x - calculated amplitude
o - observed amplitude
A - amplitude at half the depth of uniform ocean
Fig. 3. 3-3 Comparison between the
observed and calculated amplitudes of Z .
The observed amplitude and the
amplitude at half the depth of the ocean
were multiplied by constant factors so
that they had the same value as calculated
at 0. 1 cpd.
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x - calculated amplitude
o - observed amplitude
- amplitude at half the depth of the uniform ocean
y,,Fig. 5. 3-4 Comparison between the
obszerved and calculated amplitudes of
Z3 . Observed amplitude and the
amplitude at half the depth of thae ocean
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c alculated at 0. 1 cpd.
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x - calculated amplitude
m - observed amplitude
A - amplitude at half the depth of the uniform ocean
Fig. 5. 3-5 Comparison between the
observed and calculated amplitudes of
Z4 . See the legend for Fig. 5. 3-4.
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@ - observed phase
x - calculated phase
A - phase at half the depth of the uniform ocean
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Fig. 5. 3-7 Comparison between observed and calculated phases of Z 3 '
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Fig. 5. 3-8 Comparison between observed and calculated phases of Z .
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TA BLE 5. 3 -1
LARSEN'S LAYERED MEDIUM MODEL
Layer Thickness Conductivity
Layer (mho/m)
1 65 0.077
2 108 0.093
3 154 0.097
4 50 1.581
5 150 0.270
6 121 0.589
7 107 1.014
8 half space 1.014
Table 5. 3-2
Impedance Tensor referred to Principal Axes
amp - amplitude in m/sec
pha - phase in radians
Impedance on Impedance at
Z 1 Z1 2  Z2 1  Z22 the surface of half the depth
Frequency uniform ocean of uniform
C?4 ocean
C___ amp pha amp pha amp pha amp pha amp pha amp pha
.1 0.22 1-0.40 5.94 -1.05 17.79 2.11 0.35 1.97 4.39 -0.99 4.49 -1.03
1 0.32 0.44 25.94 -0.91 81.36 2.18 1.52 1.93 17.76 -0.74 20.48 -0.89
2 0.74 1.19 38.40 -0.82125.86 2.28 3.04 1.78 24.06 -0.57 30.53 -0.74
3 1.03 2.03 46.26 -0.76156.00 2.35 4.72 1.84 27.03 -0.47 36.35 -0.64
4 1.57 2.36 51.85 -0. 74178. 4C, 2.39 6.22 1.93 28.73 -0.41 40.04 -0.57
6 2.55 2.59 60.61 -0.74 212.60 2.44 8.64 2.08- 30.86 -0.36 44.84 -0.50
Table 5. 3-3
Impedance referred to geographic coordinates
Amplitude in m/s
Phase in radians
Frequency
.1
1
2
3
4
6
z2 z3
-- -
- 4 - -- - ---- 4. - -. I --Amplitude
Calc. I
3.68
17.84
28. 24
35.15
40. 19
147. 70
Obs.
7.
36.
57.
70.
77.
79.
Phase
Calc.
-1.
-1.
-0.
-0.
-0.
-0.
Obs.
-0.
-0.
-0.
-0.
-0.
-0.
Amplitude
Calc.
11.87
53.63
82.11
101. 12
115.13
136. 581
Obs.
43.14
193.22
287. 90
344 98
381. 09
421.13
Calc.
Phase
Obs.
Amplitude
Calc.
4.
21.
33.
42.
48.
59.
Obs.
33.03
144.22
212. 61
254.40
281. 05
307.09
Phase
Obs.
-1.
-01.
-0.
-0.
-0.
-0.
Calc.
-1.
-0.
-0.
-0.
-0.
-0.
03
98
90
82
77
70
U & ___________ A A I. A -
E z
x xx
E Zy =iyx
Z H
xy x
z H
yyj y
Calc.
Obs.
calculated
observed
where x is true east and y is true north.
Z1 = (Z+Z )/2 Z = (Z +Z )2 Z 3 = (Z -Z )/2 Z = (Z~ - Z)/21 xx yy 2 xy yx 3 xy yx 4 xx yy
Z1 values are not tabulated as they were not used in the analysis because of their error (Larsen, 1975).
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SUMMARY
Conductivity and resistivity variations in the crust cause great
complications in the surface distribution of electric currents and
fields. At low frequencies this surface layer effect can be corrected
by treating the surface layer as a thin sheet. Up to the present all
studies involving the thin sheet approximation assumed the layer
below the thin sheet to be a perfect insulator. In the models used in
the thesis, this restriction is removed by generalizing the boundary
condition at the thin sheet, and by generalizing the thin sheet conduc-
tivity and resistivity variations. This latter modification is done by
treating the thin sheet as anisotropic with different parallel and
perpendicular conductivities. In the model developed the thin sheet
is actually made up of two thin sheets, a conductive thin sheet lying on
top of a resistive thin sheet. Now both conductivity and resistivity
variations in the crust can be modelled.
It is found that the resistivity thickness product of the thin
sheet has a profound effect on the surface distribution of electric
currents and fields. A new parameter, called the adjustment
distance, appears which is equal to the square root of the thin layer
conductivity thickness product times the resistivity thickness product.
Adjustment distance represents the distance over which surface
electric currents reequilibrate themselves with respect to the mantle
electric currents. Typical values of conductivity thickness and
resistivity thickness products suggest this distance to be of the order
of hundreds of kilometers. Thus electric fields measured at a point
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are influenced by conductivity and resistivity values of the medium
considerable distance away.
Since the variations in the electrical properties of the medium
hundreds of kilometers away have to be taken into consideration
while interpreting magnetotelluric measurements made at a point
one needs to develop efficient computational methods to model the
magnetotelluric fields. A new method called Ithe method of
imbedding' is developed. In this method fields close to the point of
measurement are computed at close spacings while fields far away
are determined at large spacings. This method worked very well
with the models studied, but it needs further development to be more
generally applicable.
The method was applied to modelling the Hawaiin island chain in
order to reevaluate the results of Larsen's low frequency magneto-
telluric studies on Oahu. Using Larsen's final model we found his
measured data gave significantly higher electric fields than our
predicted values. Unfortunately these results are not conclusive
since they could be accounted for by local resistivity variations at
the measurement site. Some small discrepancies also appear at the
shorter period end of the spectrum due to the neglect of inductive
coupling in Larsen's analysis.
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SUGGESTIONS FOR FUTURE WORK
The models developed in the thesis enable us to treat cases
in which surface variations are three-dimensional in nature. We.
also found that in order to apply two-dimensional models,
uniformity along strike direction should extend further than the
adjustment distance. Hence even situations which appear two-
dimensional may actually represent three-dimensional variation.
Therefore the most important suggestion would be the application to
several cases so that we can quantitatively understand the effects of
three-dimensional features on low frequency magnetotelluric fields.
More work can be done to improve the efficiency of the
'imbedding' technique.
The theory of electromagnetic induction in nonuniform thin
shells surrounding a stratified spherical conductor (with nonzero
conductivity in every shell) should be developed. Then the theory
could be applied to find the effect of the oceans on low frequency
magnetic variations at the land based observatories.
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APPENDIX I
LAYERED MEDIUM SOLUTION
In the medium below the thin sheet,
ik x + ik j - i t ( W/rn n 1 79 I
assuming a dependence of
I,
VxE
-4
V xH
= ipwH
= crE
(A. 1.1)
(A. 1. 2)
From (A. 1.1) we get
- ik Ey z - ip1WH (A. 1. 1a)
= ik E
x z
-k Ey x
+ ip4H (A. 1. 1b)
(A.1.1c)
From (A. 1.2) we get
OH
0z
ik H
x y
- ik Hy z
= ik H
x z
- ik Hy x
- uE
x
+ c-E
y
= -E
(A. 1.2a)
(A. 1.2b)
(A. 1.2c)
Substituting for Ez and Hz from (A. 1. 1c) and (A. 1.2c) wre get:
OE
Oz
Ex
k E
x y
,P
= powH z
k k
x y
k 2(--1 )
s\ /
2
(-k
aY +
-k k
x y
ar
E
x
E
y
H
x
H
(A. 1. 3)
Let
E
x
V =
E
y
1=
H x
H
y
Then from (A. 1. 3) we have
= ZI
- YV
-k 2
x+
-k k
x y
a
k k
x y
k2y~ .AW)
(A. 1. 4a)
(A. 1.4b)
(A.1.4c)
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0
0
-ik k
x y
W
2
(ik c
ik +
ik kx y
11LW
IEx
E
y
Hx
H
y
0I
Oz
where
-ik k
x y ik
2
-x
-ik 2
p t
+c
ik k
py
From (A. 1. 4) we get
d2 y
dz
V = e+±7 z A
- Lz] rjr -1 
= Z YL
+ e-1y z A2
where /ZY, the propagation matrix, is
[ZY7
k2 + k 2f x y
k + k - icJW
x y
and
a1
a'1
Therefore
yzz
e
0
0
e z
e
-Y z
e z
Y zz
where y=
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(A. 1.4d)
A
2
a 2
a2
a1
a'
(A. 1. 5)
a 2
at2
k 2+ k - iuAo.
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From (A.1. 4a) we get:
e
=yz
>d z
z
ez
0 e
a 1
at1
z
-7 z
z
e
0
0
e ze
a2
at
where
K] =Z
is called the characteristic impedance matrix of the medium
K-1
I1= [KJ
e Z-F zA
,Ae
using abbreviations
yzze
y z 0
Fe z
0
0
-y z
[e z
e z
e
z 0
0 e z
From (A. 1.5) and (A. 1.6), the impedance Zz at a depth 'd' is deter-
mined from
L
-Jz=d
=rzzyi]
L JZ=d
Example
Consider a two-layered medium with the conductivities of top and
bottom layers being a 1 and cr2 , respectively (as shown in the figure).
The first layer extends to depth d and the second layer extends to infinity.
_________ 
z=0
01
z= d
J2
[z] I
K] e z A2 (A. 1. 6)
-
y
In the second layer only downgoing waves are possible.
the second layer is given by ;
e
V
2
Y2 being the propagation constant
From (A. 1. 4a) we get
2z
0 e
0
72z
Therefore V2 in
a 3
at3
in layer 2.
Y2z 0
e 
e 2z
Z2 being evaluated using (A. 1. 4c).
We want to find impedance Z2
FV2
1 z=d
at the top of layer 2 such that
z I2
2 
- z=d
Substituting for V2 and 12 from above, we get
0
y2d
e
a 3
a '3
Y2 d
[z~ LK] 1 e
L 2 LK
0
where [K2 ] is the characteristic impedance of layer 2.
y2 d y2 de 0 e 0
S 2 ] y2 d Y2 d
0 e 0 e
0
Y2 d
e
a 3
at3
[K23
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DV2
~Oz-Fz2 IL 21 2
a 3
at3
e
0
Y2
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z = 2
That is, the impedance at the top of the bottom layer is equal to the
characteristic impedance of that layer (because of the absence of
reflection).
In the top layer there are waves travelling in both directions;
therefore
e
V 1 ]11
FK
1z 0
0 e
a 1
a'1
-r yz
Se 1
-yiz
e
0
0
e
- e AL 2
At the boundary z = d,
V 2 = V 1
= Ii
Also:
L2 L 2 
_z=d
K z=d
V2 = 2 2K
y [e d] [A]
e-yd A2
- Fe-yd [A 2 ]
From these two equations we obtain:
a21
at
y
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A e d 1 z=d
z=d-
FA ]- Fe i K K
L 2j 2 J~ L 2  1 KJ L'2J'z=d
We want the impedance [Zz] at the top of layer 1 such that
V z= zI
Substitutin for V and I from above
[Z] {eldj K2 + K + Leyld [K2 - K 1
e2 -e y d K K
4jje d ] +K2K1] L e ydj FK2- K1]} [Kr]
In general the impedance at the top of a layer (Z ) can be calcu-top
lated in terms of the impedance at the bottom (Zzo) as follows:
Z e-] yd[ed z ot + K] + [eyd ot - Kj
{e -yd [zb + K] - [eyd] [Zzot -K} K
where y is the propagation constant in the layer under consideration, d is
the thickness of the layer and [K] is the characteristic impedance in the
layer.
All matrices in the above expression are 2 by 2; hence computations
involved in calculating the impedance of the layered medium are fast and
straightforward.
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